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1D finite difference/konacne razlike
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konacne razlike

Geometrijska interpretacija

U - forward vackward
ackward -— . .
central T / ou ~ Wif1 Uy
PN, M or/)q: ™ Ar ‘.
YAy x/iq T naprijed
A T B
// o A i A - exact )
i i &I : Hh : i ( (,_‘_fu, ) % 'U.-ﬁ' — 'U.-z'_ 1
o dx / Ax nazad
PO G S
('c')-u.) ~ Wit1—Uj_1q
=P e p . .
dr/q 2AT centralna razlika
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konacne razlike

Ekspanzija Taylorovim redom
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Taylorov red
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druga derivacija

0, 2"U.- Ujr1 — 2u; + U;—1 ‘
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Mijesana derivacija, 2D
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Primjer: 1D Poisson

Problem s rubnim uvjetima (BVP, boundary value problem, BC boundary

condition) 92,
—ﬁ =f inQ=(01), u(0) =u(l) =0
) —e *~—o o ]
Lo I Li—1 &i  Liq LN—-1 LN
1
w; =~ u(x;), fi=flx;) r; =1Axr, Az = v L 0,1,..., N

Ui1—2Uit Uit . P
- (Az)2 = fi, Vi=1.....N—1

wy = un =0 Dirichletov rubni uvjet

Neumannov rubni uvjet: postavlja se uvjet na gradijent funkcije

Robinov uvjet: kombinacija uvjeta Dirichleta i Neumanna
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1D Poisson
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1D Poisson, rubni uvjeti

Dirichlet-Neumann BC

Uy — 0,
Korekcija za i=N zbog Neumannovog BC
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drugi tipovi rubnih uvjeta

Nehomogeni Dirichlet BC: u(0) = go
2u1 — U9 g0
prva jednadzba Uo=9go = (Az)2 Ji+ (A;(r)z
Nehomogeni Neumann BC: L) =q

UN41 — UN-1

= (g1 = UN+] = UN—1 + 2&1‘91

2Ax
CUN—1 —2UN FUN41 fa —UN—1 T UN _fh L9 g1
(Ax)? (Ax)? Az
Nehomogeni Robin BC: L)+ au(l) = g9
IU-NH2;;:N_1 +auy = g2 =  un41 =un-1 — 2Azauy + 2Axgs
_UN-1 — 2un + un41 — —un—1 + (1 + aAx)uy _ —f 4 92
(Ax)2 N (Ax)2 AN
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2D Poisson
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2D Poisson

Au=F A e RIN=1)*x(N=1) u, F € R(N—1)

u=|uyy... UN—-1,1 U] 2...UN—-1,2 UL 3 .. -'U-N—LN—I]T
F=fi1.-.fn-11 fiz- - fn-12 fis- Inoan—a)t
- B I 7 41 7
I B I 1 4 -1
I B —I| ~1 4 -1
—I B —1 4

matrica A je "Supljikava" (sparse).
povecanjem broja toCaka u mrezi efikasnost rijesavanja opada.
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1D jednadzba vodenja topline
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eksplicitna metoda

U = AU* 4 rg(1) [ (1-2r) r \
r (1 —2r) r

r (1—2r)
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At < lhi r (1-—2r) r
— 9 . r (1 —2r) )
/ Uy \ / ﬁ'{;f \
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Implicitna metoda

Za derivaciju po vremenu koristimo Eulerov metod unazad, a prostor centralnom
konacnom razlikom. Metoda je implicitna u vremenu, rjeSenje u k+/ vremenu je
medusobno povezano. Algoritam je uvijek stabilan.

uk — yf—1 ukb | —2uF +uk
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/
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Crank-Nicolson

m+1 ® ° - ° [ . .
m . o 9 o ® L L
-1 3 j+1 -1 3 j+1 j-1 3 j+1
Explicit Fully Implicit Crank-Nicoloson

Crank-Nicolson metoda predstavlja srednju vrijednost implicitne 1 eksplicitne
metode u prostoru, vremenski dio je implicitan.

At
m+1l  m m+l 'T:.I'I--I'-l ??1+1 mo m m
uj uj' = 5y (W —2ud +uy gy — 2ul gt
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MOL

MOL (method of lines), metoda linija sastoji se od aproksimacije kona¢nim
razlikama u prostoru, dobivamo sustav obi¢nih diferencijalnih jednadzbi.

du; w1 — 2U; + Uin 1 i=0 ug = r(u_q — 2ug + uq)
o =" Az)? - ,
(Az) i=1 uy = r(up — 2uy + ua)
i we =r(u;_1 — 2u; + i)
Y S . _ . an.
u; = T(ua—l 2“1 + U:-l—l:]: i=N 'uj"\.' — ’-’“{HN—I _ 2“.-"\" 4 H_."'.,‘.'_|_1)
[ -2 1 \
U'(t) = AU(t) + g(2) ! _12 12 1
A=r
1 -2 1
\ 1 -2
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MOL

Uglt) Uty Usa(t) Um—1(t} Um41(t)

o I Iz Lm—1 Tm Lm41

RijeSenje napreduje duz linije vremena. RijeSenje sustava dobivamo koriStenjem
metoda za ODJ.
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Primjer 1D poisson

D% ,
——=f nQ=(0,1),
or
f(x)=10
ndl = HDSolwve [{u* ' [x] == =10, u[0] == 0, u[l] == 0}, u[x]. {= 0O, 1}]
tnl = Plot[u[x] /. ndl, {= 0, 1}, PlotRange -= A11]
1
0.5
-0.5
-1

f(z) = 167?sin 47z
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#include <stdlib.h>
#include <stdio.h>
#include <math.h>
#include "nrutil.h"
float InitTemp(float );
float KonstTemp(float );

int main()

{

| R

unsigned long N,M,i,j,1;
float h,k,r,T,L;

float TO,TN,Tini;
/* matrica vya temperaturu */
float **U,*f,*x,d;

FILE *fp;

char fname[20];

int *indx;

float (*InitFunc)(float);
/* parametri */

L=1.0; /* duljina domene u prostoru

/* InitFunc=InitTemp; */
InitFunc=KonstTemp;

M=3000;

N=100;

h=L/((float) N+1.0);

k=T/((float) M);

r=k/(h*h);

*/

poisson

U=matrix(1,N,1,N);
f=vector(1,N);
indx=ivector(1,N);
x=vector(1,N);
for(i=1;i<N+1;i++)

for(j=1;j<N+1;j++)
U[i][j1=0.0;

U[1][1]=2.0;
U[1][2]=-1;

for (i=2;i<=N-1;i++)
{
f[i]=h*h*InitFunc(i*h);
for (j=i-1 ; j<i+2; j++)
{
if (di==j )
U[i1[j1= 2;
else
Ulil[j1=-1;
¥

¥
U[N][N]=2.0; U[N][N-1]=-1;

Iudcmp (U,N,indx,&d); 1lubksb(U,N,indx,f);

return 1;

}

float InitTemp(float x)

{
float rez,pi=3.14;

rez=16.0%pi*pi*sin(4*pi*x);
return rez;

}

float KonstTemp(float x)
{

return 10.0;

}

S
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vodenje topline

100
& 3 .«
ou  _O*u eksplicitna /
e ."i EGE a=r= b Pl o
ot dx metoda t=0 T
e E0 | ) ‘
“3 t=5 40|
30 1y Usporedba
ol “ B0 eksplicitne =10 — T &
10 i MOL metode +- 5 3 . 3 ‘11"0
.'J "" X
z 4 £ 3 10 X MOL 1010 s
NDSolve[{D[u[x, t],t] + D[u[x, t],{x,2}] == 0, u[0, t] == 0, metoda " /

u[l, t]==0, u[x, 0] == 100}, u[x,t], {x,0,1}, {t,0,1}]

i

l R B Aleksandar Maksimovic, / 01/06/2006 / Str. 23
Institute Ruder Boskovié, Bijeni¢ka c. 54 dodatakA




Temperatura ekspilicitni FD

#include <stdlib.h>

for (j=0 ; j<M-1; j++)

#include <stdio.h> {

#include "nrutil.h"

for (i=1 ; i<N-1 ;i++)

. . {
¥01d main() U[j+11[i] = r * U[I[i-1] + (X - 2 * r)* U[jI[i] + r * U[j][i+1];

unsigned long N,M,i,j,1; ¥

float h,k,r,T,L; }

f}oat TQ’TN’Tlnl; . /* otvori file i spremi odabrane podatke */
/* matrica ya temperaturu */ for (1=0:;1<3:1++)

float** U; { ’ ’

FILE *fp;

jhar fnamegzg]; sprintf(fname, "Temp%i.dat",1);
4—18?rjfeiglseé konacno vrijeme */ if (!(fp=fopen(fname,"w")))
L=10.0; /* duljina domene u prostoru */ { E;l?Ifiogrror opening file\n"); exit(1);}
/*pocetne i rubne temperature */ j= 0;
TO=TN=0; Tini=100; o __
M=3000; jzﬁ};? if (1== 1)
N=100; T L
h=L/((float) N-1.0); jzeﬁfi_lf (1==2)
k=T/((float) M); PP s
r=k/(h¥h) ; . for (i=0 ; i<N ;i++)

if (> .5) fpilntf(fp, %10.5f %10.5f\n",i*h,U[j]1[1i]);

{
printf("nestabilna shema, podesi N i M, r=%f\n",r); fclose(£p)
exit(1l); y ’
}
U=matrix(0,M,0,N); exit(1):

for (i=0;i<N;i++) {U[0][i]=Tini;}

for(j=0;j<M;j++) { U[j1[0]= TO; U[jI[N-1]=TN;} }
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Temperatura MOL

void derivs(float x, float y[], float dy[]) {
unsigned long i,N;
N=NVAR;
dy[1] =r*(-2*y[1]+y[2]);
for ( i=2; i<=N-1;i++)

#include <StdiQ.h> v=vector(1,NVAR);
#include <stdlib.h> xx=vector(1l,NSTEP+1) ;
#define NRANSI y=matrix(1,NVAR,1,NSTEP+1);

#include "nr.h" for (i=1;i<=N;i++)
#include "nrutil.h"

v[i]=Tini; {
. v[1]=v[N]=0; R R P, L - ;
#define NVAR 100 rkdumb (v,NVAR, 0.0, T,NSTEP, derivs) dy[i] = r*(y[i-1]-2*y[i]+y[i+1D);
#define NSTEP 3000 }

—% T .
/* otvori file i spremi odabrane podatke */ dy[N] =r*(y[N-1]1-2*yIND);}

float r; for (1=0;1<3;1++)
extern float **y,*xx; {

/* referencing declaration */
sprintf(fname, "TempMOL%i.dat",1);

void main() if (!(fp=fopen(fname,"w")))
{ unsigned long N,M,i,3,1; { printf("Error opening file\n"); exit(1);}
yy Ly JsyLy i f 1==0
float h,T,L; j=11'( )
float TO,TN,Tini; elée if (1== 1)
/* matrica ya temperaturu */ j=M/2;
f%gg; “Zép' else if (1==2)

j= M-1;
printf("Data for t=%g\n",xx[j]1);
for (i=1 ; i<=N ;i++)

char fname[20];

T=10; /* 10 sec konacno vrijeme */ .
L=10.0; /* duljina domene u prostoru */  gprinef(fp,"%10.5f %10.5F\n",i*h,y[i1[31);

/*pocetne i rubne temperature */ }
TO=TN=0; Tini=100;

M=NSTEP; .
N-NVAR fclose(fp),

h=L/((float) N+1.0);

r=1.0/(h*h); exit(1);}

S
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Kompajliranje

gce -0 poissonl poisson_exfd.c ludemp.c lubksb.c -1 nrutils/ nrutils/nrutil.c -lm
gcc -0 heatMOL heat_MOL.c -I nrutils/ nrutils/nrutil.c rk4.c rkdumb.c
gcc -0 heat_ex heat_explicitfd.c -I nrutils/ nrutils/nrutil.c

77 -o hmol heatMOL.for rk4.for

Usporedbe rijesenja 1 graficki prikaz nalaze se u TempDist.nb notebooku.
Programi se nalaze u v9 direktoriju.
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Zadatak za praktikum

Rijesi 1D poissonov problem pomoéu RK metode za f(x)=101 f(z) = 167*sin4nz

Problem je Sto ne mozemo specificirati rubni uvjet za x=1 kod RK metode, ve¢ moramo
znati derivaciju u x=0. Problemi s rubnim uvjetima rijeSavaju se pomocu relaksacijske 1li
shooting metode (vidi Numerical recipes poglavlje 17).

Buduc¢i da je problem jednostavan iz analitickog rijeSenja mozemo odrediti vrijednost
derivacije na lijjevom kraju, tj. u'(0)=51u'(0)=4 .

Usporedi rijesenje s onim dobivenim pomocu metode konacnih razlika.
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