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PROBABILISTIC S»'IANTICS FOR QUA..'ITUM IDGIC 

A probabilistic semantics for quantum logic is formulated by means of an 

ultrastrongly orde ring probability function. The soundness is proved as well 

as the completeness, with the help of a plausible transition function. 

Recently, probabilistic semantics for a number of logics were formulated as 

substitutes for Krike's semantics. Thus, Leblanc [l] formulated a probabilistic 

semantics for first-order logic; Morgan [2) formulated a probabilistic semantics 

for every extension of propositi onal logic, modal logic included [3]; Morgan 

and Leblanc [4), and van Fraassen [5] formulated probabilistic semantics for 

intuitionistic logic. 

As for quantum logic a formulation of its probabilistic semantics is more 

than a mere substitute for Kripke's model . For Goldblatt [6] proved that there 

exists no condition of the first order a possible accessib~lity relation could 

be subjected to for quantum logic, and therefore that at any case no simple 

frame for Kripke's semantics exists. 

Since, however, orthologic [7] (minimal quantum logic [8]) does have 

Kripke's semantics we formulated quantum logic starting from orthologic in 

order to stress a particular extension which converts orthologic into quantum 

logic. 

Following [7] we adopted Ackermann' s schemata to formulate quantum logic 

as well as orthologic. We define quantum logic (orthologic ) as a system which 

contains the following axioms and rules of inferences (the same, with the 

exception of the last rule of inference) for A, B, •• ( propositions) from t he 

set of propositions, Q: 

~ Rules of inference : 

Al: A~l-A Rl : A .... B & BI- C ~ A .... C 

A2: A ~l-1-iA R2: A 1-B .. IB f- ""'IA 

AJ: Al\B I- A, AA B 1- B RJ: A 1-B & Al- C ... Al-Bl\C 

A4: Al\ -,A._B Rlf: A ._B & ,Al\Bl-Cl\-,C => Bi-A 

where aschemeAl-B is a sequence of two ,propositions, A and B, and 'I-' is 

regarded as a sign of logical entailment and can appear only once in an exprESsim 

of the object language, i.e. cannot be nested or iterated. In general, we 

define logical entailment in quantum logic (orthologic) as follows: 

Definition Let G be a non-empty set of propositions from Q. A proposition B 

is said to be Q-derivable (in symbols: GI- B, which reads "G entails B") if 
there exist:_ B1 ,B? , •• . ,Bne'.G such that B1 AB 2 1\ ••. /\Bnf-B . 

Before passing to the afore-ment ioned formulation of quantum logic with 

the help of orthologic we shall define the possible implications in both logics : 

Definitions of the implications in orthologic: A__,.0 B : = ,AVB ("classical" ) ; 
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A-1B :• ,AV(Al\B) ("Sasaki " , i.e. "Mittelstaedt", i.e. "ortho-"); 

A-;1 :• B V ( "1A/\ ,B) ( "Dishka.nt" ) I 

A·-., :• (Al\B)l/(1AAB)V,(IAA-1B) ("relevance"); 

A"°\B 1• (A/\B)V(..,Af\B)V ((,AVB )A'"l B) ( ./ . )1 

A-13 1• (,AA,B)V(, Al\B) v((1Av'B)l\A) ("Kalmbach" ). 

Thereupon, we define a "minil!l&l criterion for a connection between the 

logical entailment and the above implications as I(i)1 

Definition I(i)1 A ... B~CV'"1Cl-AlB i-o,1, .. ,5. 
Now, the formulation of quantum logic by means of orthologic follows from: 

Theorem Quantum logic 1= [Al-A4 &: Rl-R4]~(Al-A4 &: Rl-RJ &: I(i)] , i - l, .. ,5. 
(Remark: Classical logic~[Al-A4 &: Rl-RJ &: I(~)] 1= [ orthologic &: I(:ll)J ) 

Given the last theorem we see that quantum logic is nothing but orthologic 

extended juet so as to make 'A'"'B', i-1, .. ,.5,a logical truth iff 'Al-B'. 

Making the extension , we l oose the possibility to construct Kripke's frame of 

the first order, which orthologic has , and a quest ion arises as to whether we 

should complicate quantum logic, as well as its probabilistic semantics which is 

still at hand, trying to single out one of the five possibl e implications, or not . 

In our opinion, we should not. For any such attempt seems to fUle out a possibility 

for a transition probability simple enough to correspond to individual YES-NO 

measurements . Therefore , we propose the implication be "defined" by I(i) thus 

merging all the five implications into one entailment. 

The probabilistic semantics, PQ. of quantum logic, QL is given by means of a 

quantum probability function Pr: QL,...,. (0, l] which meets t he conditions Pl-P7, 

given below. 

We call A E Q Pr-noDll&l i f there is at lea.st one proposition BE Q such 

that Pr(BIA) .f 1, and Pr-abnormal if there is no such proposition. 

The constraints which evey:y Pr function meets, fo r all A,B, • • E Q, are: 

Pl 1 0 C:: Pr( Bl A) < l 
P21 Pr( AIA) • Pr(A(Al\B) ~ Pr(BIAl\B) = Pr('"'1BV AIA) = l 

P31 Pr( \BIA) = l if B is Pr-abnormal 

P4: Pr(B J\ 'lB IA) = 0 if A is Pr-normal 

P5 : Pr(BIA) ~ l & Pr(CIA) • 1 ~ Pr(BACIA) = 1 

P6: Pr(,B IA) + Pr(BIA) = l if A is Pr-normal 

P7 : Pr(Bi\B j) = 0 , Vi f j ~Pr( y Bil A) = ~ Pr(Bi A) if A is Pr-nor.mal. 

Definition Let G be a non-empty set of propositions from Q. A proposition B is 

said to be Q-probabilistically derivable from G (in symbols: Gp B, which reads; 

''G probabilistiC:ally entails B") if, for a function Pr: QL ~ [O, l], which meets 

the constraints Pl-P7, there exist B1 , •• ,Bn e G such that Pr( Bl B1 I\ • • I\ Bn) = 1. 

A scheme Al-B is said to be probabilistically valid if Pr(BIA) • l. 

In order to prove the completeness we usea a plausible transition probabi­

lity Pr(A ~B) to define a probability function Pr of PQ. 

Definition { l · <= At- B 
Pr(BIA) • 

Pr(A"iB) <== A)'- B· 1 

where Pr(A,-,.B) is a transition probability which 11atisfies the following caiditkma 

106 



1. A}'!-B & A~"\B ~ 0 <Pr(A,....B) < 1 

2. AJ." B Ac A .... ,B ==? Pr(A,._B) • 0 

3 . AJ"- .B Ac A)'--,Jl .:::> Pr(A,...B) + Pr(A ..,,"1B ) • 1 

4, A~Bi Ac B .j-"'1Bi • Vi r j => Pr( A ...... VBi) - L Pr( A "'Bi) • 
J i i 

For the semantical system, PQ we are able to proves 

GI-A~ GpA 

which is our main result. 
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