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We provide severa new results on quantum state space, on the | attice of subspaces
of aninfinite-dimensional Hilbert space, and oninfinite-dimensional Hilbert space
equations as well as on connections between them. In particular, we obtain
an n-variable generalized orthoarguesian equation which holds in any infinite-
dimensional Hilbert space. Then we strengthen Godowski’s result by showing
that in an ortholattice on which strong states are defined, Godowski’s equations
as well as the orthomodularity hold. We also prove that al six- and four-variable
orthoarguesian equations presented in the literature can be reduced to new four-
and three-variable ones, respectively, and that Mayet's examples follow from
Godowski’s equations. To make a breakthrough in testing these massive equations,
we designed several novel algorithms for generating Greechie diagrams with an
arbitrary number of blocks and atoms (currently testing with up to 50) and for
automated checking of equations on them. A way of obtaining complex infinite-
dimensional Hilbert spacefrom the Hilbert | atti ce equipped with several additional
conditions and without invoking the notion of state is presented. Possible
repercussions of the results on quantum computing problems are discussed.

1. INTRODUCTION

Recent theoretical and experimental developments in the field of quan-
tum computing have opened the possibility of using quantum mechanical
states, their superpositions, and operators defined on them, i.e., the Hilbert
space formalism, to exponentially speed up computation of various systems,
on the one hand, and to simulate quantum systems, on the other. Quantum
computers can be looked upon as parallel computing machines. Looking at
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the speed of computation, the difference between classical and quantum
parallel machinesisthat in aclassical one we increase its speed by increasing
its physical space (occupied by electronic components. processors, €tc.),
while in a quantum one we achieve this by exponentialy increasing its state
space by means of linearly increased physical space (aregister of n quantum
bits—qubits—prepares a superposition of 2" states). To make a quantum
parallel machine compute a particular problem is tricky and requires a great
ded of ingenuity, but a computed system itself need not be quantum and
need not be simulated. Actualy, all agorithms designed so far are of such
a kind. For example, Shor’s agorithm [1] factors n-digit numbers, Grover's
algorithm [2] searches huge databases, and Boghosian—Taylor’s algorithm
[3] computesthe Schradinger equation. As opposed to this, aquantum simula-
tor would simulate a quantum system (e.g., an atom, a molecule, . ..) and
give its fina state directly: a quantum computer working as a quantum
simulator would not solve the Scrodinger equation, but would simulate it
and the outputs would be its solutions. by typing in a Hamiltonian at a
console, we would simulate the system.

Quantum simulation of quantum systems describable in the Hilbert
space formalism (by the Schrodinger equation) would only then be possible,
however, if we found an algebra underlying Hilbert space in the same way
in which the Boolean algebra underlies classical state space. Such an algebra
for guantum computers has recently been named quantum logic in analogy
to the classical logic of classical computers [4]. However, this name is
misleading for both types of computers because proper logics, both classical
and quantum, have at least two models each [5]. Classical logic has not only
a Boolean algebra, but aso a nonorthomodular algebra as its model, and
gquantum logic not only an orthomodular algebra (Hilbert space), but also
another nonorthomodular algebra: a weakly orthomodular lattice. What
resolves this ambiguity is that as soon as we require either a numerical or a
probabilistic evaluation of the propositions of classical logic we are left only
with the Boolean algebra [5] and that as soon as we impose probabilistic
evauation (states) on quantum logic we are left only with Hilbert space.
Therefore quantum logic itself doesnot to play arolein the current description
of quantum systems. Its standard model —Hilbert space—does.

One can make Hilbert space operational on a quantum computer by
imposing lattice equations that hold in any Hilbert space on the computer
states using quantum gates. Unfortunately, not very much is known about
the equations: explorations of Hilbert space have so far concentrated on
operator theory, leaving the theory of the subspaces of aHilbert space (where-
from we obtain these equations) virtually unexplored. In this paper we investi-
gate how one can arrive at such equations starting from both algebraic
and probabilistic structures of Hilbert space of quantum measurement and
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computation. We obtain several new results on these structures, give anumber
of new Hilbert space equations, and systematize, significantly simplify, and
mutually reduce aready known equations. In Section 2 we give several new
characterizations of orthomodularity which we make use of later on. In
Section 3 we consider ways in which states can be defined on an ortholattice
underlying Hilbert space and make it orthomodular, when quantum, and
distributive, when classical. We also analyze several kinds of equations char-
acteristic of strong states in Hilbert space (Godowski’s and Mayet’s). On the
other hand, we present a way of obtaining complex Hilbert space from
the Hilbert lattice equipped with several additional conditions, but without
invoking the notion of state. In Section 4 we give a new way of presenting
orthoarguesian equations and their consequences which must hold in any
Hilbert space and for which it is not known whether they are characteristic
of the states or not. We reduce the number of variables used in the orthoar-
guesian-like equations in the literature (from six to four for the standard
orthoarguesian equation and to three for all its consequences), we show that
al consequences that appear in the literature reduce to a single three-variable
equation, and find a new one which does not. In Section 5 we present
generalizations of orthoarguesian equations that must hold in any Hilbert
space. This previously unknown and unconjectured result is our most
important contribution to the theory of infinite-dimensional Hilbert spaces
in this paper. In Section 6 we show several distributive properties that must
hold in any Hilbert space.

2. ORTHOMODULAR LATTICE UNDERLYING HILBERT
SPACE

Closed subspaces of Hilbert space form an algebra called a Hilbert
lattice. A Hilbert lattice is a kind of orthomodular |attice which we, in this
section, introduce starting with an orthol atticewhichisastill simpler structure.
In any Hilbert lattice the operation meet, a N b, correspondsto set intersection
3. N 3, of subspaces 7,, ¥, of Hilbert space ¥, the ordering relation a <
b corresponds to #, C %, the operation join, a U b, corresponds to the
smallest closed subspace of # containing 7, U #,,, and the orthocomplement
a’ corresponds to ¥4, the set of vectors orthogonal to all vectors in #,.
Within Hilbert space there is also an operation which has no paralel in the
Hilbert lattice: the sum of two subspaces ¥, + ¥, which is defined as the
set of sums of vectors from ¥, and ,. We adso have ¥, + #+ = 3. One
can define al the lattice operations on Hilbert space itself following the
above definitions (7, N #, = #, N #,, €tc.). Thus we have ¥, U €, =
Ho + Hp = (Ha + H)tE = (%2 N FH)* [6, p. 175], where H, is the
closure of ¥, and therefore #, + #, C #, U #,. When % is finite
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dimensional or when the closed subspaces #, and 7, are orthogonal to each
other, then 3¢, + 3, = €, U 3¢, [7, pp. 21-29; 8, pp. 66, 67; 9, pp. 8—16].

The projection associated with ¥, is given by P,(x) = y for vector x
from # that has a unique decomposition x = y + z for y from %, and z
from ¥4 . The closed subspace belonging to P is #p = {x € #|P(X) = X}.
Let P, N Py, denote a projection on #, N ¥, P, U Py a projection on #, U
¥y, P, + Py aprojection on #, + ¥, if ¥, L ¥, and let P, = P, mean
2 C #,. Thena N b corresponds to P, N Py, = lim,,_.(PaPy)" [9, p. 20],
a'tol-P;,aUbtoP,UP,=1—1lim,_.[(I — P)( — P)]"[9, p. 21],
and a= bto P, = P,. Now, a = b aso corresponds to either P, = PP, or
to P, = PP, or to P, — P, = P,~p. Two projectors commute iff their
associated closed subspaces commute. This means that (see Definition 2.5)
an (@ U b) = b corresponds to PP, = PyP,. In the latter case we have
P.NP,=PP,and P, U P, = P, + P, — P,P,. Wehavea L b,i.e, P, L
Py, is characterized by PP, = 0 [6, pp. 173-176; 8, pp. 66, 67; 9, pp. 18-21;
10, pp. 47-50].

In this section we give severa definitions of an orthomodular lattice,
two of which (given by Theorem 2.8) are new. In Section 3 we then show
that the orthomodularity of an ortholattice is aconsequence of defining strong
states on the ortholattice, and in Sections 3 and 4 we show that it also a
consequence of other more restrictive | attice conditions: Godowski equations
and orthoarguesian equations.

Definition 2.1. An ortholattice (OL) is an algebra (¥, ', N, U) such
that the following conditions are satisfied for any a, b, ¢, d, e, f, g, h € &,

(bN(cNna)Ua=a (2.1)
(@anbn(fuc)ud)ue=(((gng)uU(c Nf’))
N@nhb)ueu(hud)nd) (22

Lemma 2.2. The following conditions hold inany OL: aU b =b U
a,(@ubuc=au(uc,a =aaU(@anNnb=aanb=(@ U
b’)’. Also, an algebra in which these conditions hold is an OL.

Proof. Asgiveninref. 11. =m

Definition 2.3. An orthomodular lattice (OML) isan ortholatticein which
any one of the following holds:

a=b=10a=b i=1...,5 (2.3)

wherea=b% (@ ~;b)N (b ~oa),i =1,...,5 wherea ~,b < a' U
ba-.b®au@nhb,a-,b¥p _,a,a-;0¥@nNbuU
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@Nb)u@-.b),a-,b¥b ,a,anda-sbE@nbu@n
b) U (@ N b').

The equivalence of this definition to the other definitionsin the literature
follows from Lemma 2.1 and Theorem 2.2 of ref. 5 and the fact that Eq.
(2.3) fails in lattice O6 (Fig. 1a), meaning it implies the orthomodular law
by Theorem 2 of ref. 8, p. 22.

Definition 2.4. We have
a=b¥@nbu@ Nb) (2.4)

We notethat a= b = a =5 b holdsin all OMLSs, so these two identities
may be viewed as aternate definitions for the same operation in OMLSs. The
equality also holds in lattice O6, so they may be used interchangeably in any
orthomodular law equivalent added to ortholattices; in particular = may be
substituted for =5 inthe i = 5 case of Eq. (2.3). However,a= b = a =g
b does not hold in all ortholattices as shown in ref. 5, so the two identities
should be considered to be different operations from an ortholattice point
of view.

Definition 2.5. We say that a and b commute in OML and write aCb
when either of the following holds [12, 13].

a=(@anbu@nb) (2.5)
an@ub)=b (2.6)

Lemma 2.6. An OL in which (2.5) and (2.6) follow from each other is
an OML.

Yet other forms of the orthomodularity condition are the following ones.

Lemma 2.7. An OL in which any one of the following conditions holds
isan OML and vice versa

Fig. 1. () Lattice O6. (b) Lattice MO2.
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a-ib=1<a=h, i=1...,5 (2.7)

Proof. The proof of Eq. (2.7) is given in refs. 14 and 15. We stress that
the O direction holdsinany OL. m

Later we use a definition based on the following “transitivity” theorem,
which does not work for =;,i = 1, ..., 4. Notethatinany OML,a=b =
@nNnbu@nb)y=@-bpn(b ->;afori=1...,5andtha
instead of the Definition 2.3, one can use one witha =, b =(a -, b) N
(b -4 a), etc. [5]

Theorem 2.8. An ortholattice in which
(@a=bnNnb=c=a=c (2.8)
(@a=bNb=c=(@=bN@=c (2.9)

hold is an orthomodular lattice and vice versa.
The same statement holdsfor (a —; b) N (b -;a),i =1,...,5, being
substituted for a = b.

Proof. Equations (2.8) and (2.9) fail in lattice O6, so they imply the
orthomodular law.

For the converse with Eq. (2.8), we start with (a N b) U (& N b))
N (b" U (b N ). It is easy to show that (&' N b’)C(b" U (b N ¢)) and
(& N b")C(a U b). By applying the Foulis—Holland (FH) theorem [12] to
our starting expression, we obtain (@ N'b) N (b’ U (b N ¢)) U ((@ N b’)
N (b’ U (b N c))). The first conjunction is by orthomodularity equal to a N
b N c¢. The digjunction is thus equal to or less than a8’ U (a N ¢) and we
arivea (a=b) N (b -, c) = (a -, ¢). By multiplying both sides by
(co:b)weget(a=hbNb=c)=(c-:b)N@-1¢c)=(a-;0).
By symmetry we also have (a =b) N (b = c) = (c -, a). A combination
of the latter two equations proves the theorem. We draw the reader’s attention
tothefact that (a -1 b) N (b= c¢) = (a -, ¢) does not hold in al OMLs
(it is violated by MO2). For the converse with Eq. (2.9) we start with Eq.
(2.8) and obtain (a=h) N (b =1c¢) = (a= h) N (a = ¢). On the other
hand, startingwith(a=b) N (a=c) = (b=c),weobtan(a=b) N (b=
¢) = (a = b) N (a = c). Therefore the conclusion.

Asfor the statementswith(a -;b) N (b -;a),i =1,...,5, substituted
for a = b, they fail in 06, so they imply the orthomodular law. For the
converse it is sufficient to note that in any OML the following holds: (a —;
bpNnb-;a=a=bi=1...,5 =

We conclude this section with an intriguing open problem whose partial
solutions we find with the help of states defined on OML in the next section.
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Theorem 2.9. In any OML the following conditions follow from each
other:

(@a=byNn(b=cuU(a=c)=(a=c) (2.10)
(@=b) -o(@a=c)=(b=c)=1 (2.11)

(@=bn(b=cU(a=c)=(a=bN((=0)
U(@=b N(@=cq) (212

Therelation (2.10) failsin O6; Egs. (2.11) and (2.12) fail in lattices in which
weakly OML (WOML) fail [16], but do not fail in O6.

Proof. To obtain Eg. (2.11) from (2.10), we apply Lemma 2.7 (i = 1):
l=@=hb'u(b=0g' n@=qg)u(((a=cn@=h)n(b=c
U@=0)) =[Eq(29]=(@a=b'U(a=cn((b=cq)uU(a=co)
N (b = ¢)'). Reversing the steps yields (2.10) from (2.11).

To get Eq. (2.12), we first note that one can easily derive (a = b) N
(b=c)U (@a=c) = (a=c) N (a=h)from(2.10). Then one gets (2.12)
by applying Eq. (2.9).

To arrive at (2.10) starting from Eq. (2.12), we apply Eq. (2.9) and
reduce the right-hand side of Eqg. (2.12) to (a = b) N (a = c), which
yields (2.10). m

An open problem is whether conditions (2.11) and (2.12) hold in any
WOML and whether these conditions together with condition (2.10) hold in
any OML. Note that Eq. (2.10) failsin O6 only because Egs. (2.9) and (2.8),
which we used to infer it from Eq. (2.12), fail in O6. We scanned all available
orthomodular Greechie lattices® with up to 14 blocks (without legs and with
3 atomsin ablock; this makes 271,930 legless lattices), over 400,000 lattices
with up to 17 blocks, and selected lattices with up to 38 blocks, but there
was no violation of any of them by (2.10), so there is a strong indication
that these conditions might hold in any OML, but we were not able to prove
or disprovethis. Wethink it isan intriguing problem because repeated attempts
to prove these conditions in WOML, OML, or Hilbert space aways brought
us to a kind of a vicious circle and also because we were unable to prove
that an even weaker condition holds in any OML. We have, however, proved
that the latter condition holds in Hilbert space and we give the proof in the
next section [Eqg. (3.30)].

3We obtain the Greechie lattices with practically arbitrary number of atoms and blocks by
using the technique of isomorph-free exhaustive generation [17]. The reader can retrieve
many lattices with up to 38 atoms and blocks at ftp://cs.anu.edu.au/pub/people/bdm/nauty/
greechie.html and ftp://m3k.grad.hr/pavicic/greechie/diagrams (legless), and a program for
making any desired set of lattices written in C by B.D. McKay at ftp://m3k.grad.hr/pavicic/
greechie/program.
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3. STATES AND THEIR EQUATIONS

In the standard approach of reconstructing Hilbert space one starts from
an orthomodular lattice (OML) then defines a state on the OML and imposes
additional conditions on the state as well on the OML to eventualy arrive
at the Hilbert space representation of such a mixed lattice—state structure.
To get an insight into the latter structure, below we first define a state on a
lattice and pinpoint a difference between classical and quantum strong states
(Definitions 3.1 and 3.1 and Theorems 3.3, 3.8, and 3.10).

Alternatively, one can reconstruct Hilbert space solely by means of the
lattice theory. We start with an ortholattice (OL), build the Hilbert lattice
(Definition 3.4 and Theorem 3.5), and with the hel p of three additional axioms
arrive at its complex Hilbert space representation (Theorem 3.6) without
invoking the notion of state at all. The states needed for obtaining mean
values of measured observables follow from Gleason’s theorem.

Going back to the traditional approach, we explore how far one can go
in reconstructing the Hilbert space starting with a strong state defined on OL
without invoking any further lattice or state condition. We show that strong
quantum states imposed on OL turn the latter into an OML in which the so-
called Godowski eguations hold and obtain several new traits of the equations
and Greechie lattices much simpler than the original ones to characterize
them (Theorems and Lemmas 3.10-3.19 and 3.21-3.23). In the end we derive
Mayet's equations from Godowski’'s (Theorem 3.20).

Definition 3.1. A state on alattice L is a function m: L — [0, 1] (for
real interval [0, 1]) suchthatm(l) = 1anda L b0 m(a U b) = m(a) +
m(b), wherea L bmeansa = b'.

Thisimpliesm(@) + m(@') = 1anda = b 0 m(a) = m(b).

Definition 3.2. A nonempty set S of states on L is called a strong set
of classical states if

(One9(dabel)YmMa=10 mb)=1)0a=<hb) (31
and a strong set of quantum states if
(Oa,bel)(ne 9(mMa(=10 mb)y =10 a<bh) 3.2

We assume that L contains more than one element and that an empty set
of states is not strong. Whenever we omit the word “quantum” we mean
condition (3.2).

We have not seen the first part of Definition 3.2 in the literature, but
consider it worth defining it because of the following theorem.



Infinite-Dimensional Hilbert Spaces 2345

Theorem 3.3. Any ortholattice that admits a strong set of classical states
is distributive.

Proof. Condition (3.2) follows from (3.1), and by Theorem 3.10 an
ortholattice that admits a strong set of classical states is orthomodular. Let
now a and b be any two lattice elements. Assume, for state m, that m(b) =
1. Since the lattice admits a strong set of classical states, this implies b =
1,somanb) =m@an 1l = ma). But m@') + m(a = 1 for any state,
som@a-.b)=m@)+ manhb)=1 Hencewehavem(b) =10 m(a -,
b) = 1, which means (since the ortholattice admits a strong set of classical
states) that b =< a -, b. Thisis another way of saying aCb [13]. By FH, an
orthomodular lattice in which any two elements commute is distributive. =

We see that that a description of any classical measurement by aclassical
logic (more precisely by its lattice model, a Boolean algebra) and by a
classical probability theory coincide because we can aways find a single
state (probability measure) for al lattice elements. As opposed to this, a
description of any quantum measurement consists of two inseparable parts,
aquantum logic (i.e., itslattice model, an orthomodular lattice) and aquantum
probability theory, because we must obtain different states for different lat-
tice elements.

In order to enabl e an isomorphism between an orthocomplemented ortho-
modular lattice and the corresponding Hilbert space we have to add further
conditions to the lattice. These conditions correspond to the essential proper-
ties of any quantum system such as superposition and make the so-called
Hilbert lattice as follows [12, 18]:

Definition 3.4. An OML which satisfies the following conditions is a
Hilbert lattice (HL):

1. Completeness. The meet and join of any subset of an HL aways
exist.

2. Atomic: Every nonzero element in an HL is greater than or equal
to an atom. (An atom a is a nonzero lattice element with 0 < b =
aonlyifb=a)

3. Superposition Principle: (The atom cis asuperposition of the atoms
aandbifc+# a c# b, andc = aU h) (a) Given two different
atoms a and b, there is at least one other atom ¢, ¢ # a and ¢ #
b, that isasuperposition of aandb. (b) If theatom cisasuperposition
of distinct atoms a and b, then atom a is a superposition of atoms
b and c.

4. Minimal length: The lattice contains at least three elements a, b, ¢
satisfying0<a<b<c< L
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Note that atoms correspond to pure states when defined on the lattice.
We recall that the irreducibility and the covering property follow from the
superposition principle [19, pp. 166, 167]. We also recall that any Hilbert
lattice must contain a countably infinite number of atoms [18]. The above
conditions suffice to establish isomorphism between HL and the closed sub-
spaces of any Hilbert space, 6(#), through the following well-known theorem
[20, 8833, 34]:

Theorem 3.5. For every Hilbert lattice HL there exists afield 3 and a
Hilbert space ¢ over I such that 6(7) is orthoisomorphic to HL.

Conversely, let # be an infinite-dimensional Hilbert space over afield
¥ and let

€%®) € {2 c w2t = 0 (3.3)

be the set of al biorthogonal closed subspaces of #. Then 6(7) is a Hilbert
lattice relative to

anb=%,N%, and aUub= (¥, + X+t (3.9

In order to determine the field over which Hilbert space in Theorem
3.5 is defined, we use the following theorem.

Theorem 3.6. [Soler—Mayet—Holland] Hilbert space % from Theorem
3.5 is an infinite-dimensional one defined over a complex field C if the
following conditions are met:

5. Infinite orthogonality: Any HL contains a countably infinite
sequence of orthogona elements [21].

6. Unitary orthoautomorphism: For any two orthogonal atoms a and
b there is an automorphism AU such that U(a) = b, which satisfies
@) =au@)’, i.e, itisan orthoautomor phism, and whose mapping
into ¥ is a unitary operator U, and therefore we aso cal it uni-
tary [12].

7. C characterization: There are pairwise orthogona elements a, b,
celLsuchthat ((M,ee L) (0<d<aé& 0<e< b)and there
is an automorphism 7" in L such that (%(c) < c¢), (Of e L: f =
a)(V(f) =1), (g e L:g=b)(V(g) = g, and (th e L) (0 =
h=aub& V¥ (¥(h) # h) [22].

Proof [12]. By Theorem 3.5, to any two orthogonal atoms a and b there
correspond orthogonal one-dimensional subspaces (vectors) e and f from #
such that a = Je and b = ¥f. The unitary orthoautomorphism 9 maps into
the unitary operator U so as to give U(e) = af for some a € K. From this
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and from the unitarity of U we get (e, &) = (U(e), U(g)) = (af, af) =
ol f, f)a*. Hence, there is an infinite orthogonal sequence{e:i =1,2,...}
such that (e, &) = (fj, fj) for al i, j. Then Soler's [21] and Mayet’s [22]
theorems prove the clam. m

We have seen that the definition of the“ unitarity” of the unitary automor-
phismin the previoustheoremisnot given directly in HL, but through theinner
product of the corresponding Hilbert space (whose existence is guaranteed
by Theorem 3.5). A pure lattice version of the definition of the unitary
automorphism formulated by Holland [12] is not known, but it is known
that it can be replaced by Morash's purely lattice-theoretic angle bisecting
condition in HL [21].

From the previous two theorems we see that to arrive at the basic Hilbert
space structure we do not need the notion of state, i.e., of the probability of
geting a value of a measured observable. This probability and state follow
uniquely from Hilbert space by Gleason’s theorem and we can use them to
make probabilistic (the only available onesin the quantum theory) predictions
of an observable #: Prob(sd) = tr(p#A), there tr is the trace and p is a
density matrix [6, p. 178]. Alternatively, we can start with the pure states
that correspond to one-dimensional subspaces of Hilbert space, i.e., to vectors
of Hilbert space and to atoms in the Hilbert lattice.

Definition 3.7. A state mis called pure if, for al states m;, m, and al
reals0 < \ < 1, theequality m= Am; + (1 — AN)mp impliesm = m, = mp.

According to Gleason’s theorem [23], for every vector ¥, € #, [Vl =
1 and for every P,, where P, is a projector on the subspace #,, there exists
auniqueinner product (P,V¥,, ¥,.» which isapure state m(a) on ¢(#). By the
spectral theorem, to each subspace there corresponds a self-adjoint operator <4,
and we write P, = P,. The mean value of sf inthe statemis(s{) = Exp m(s{)
= [ ad <P3ﬂ,{a}\ym1 V) = (AW, Uy [24].

So, Conditions 1-4 of Definition 3.4 and 5—7 from Definition 3.6 enable
a one-to-one correspondence between the lattice elements and the closed
subspaces of the infinite-dimensional Hilbert space of a quantum system and
Gleason’s theorem enables a one-to-one correspondence between states and
mean values of the operators measured on the system provided the above
strong states (probability measures) are defined on them. The usage of strong
states here is somewhat unusual because most authors use full states instead
[12, 24, 8]. To prove that the correspondence (isomorphism) holds for the
strong states as well, we only have to prove that Hilbert space admits strong
states because the other direction follows from the fact that any strong set
of states is full. The result is not new (it appears, e.g., in ref. 19, p. 144),
but we give here a proof communicated to us by René Mayet, for the sake
of completeness.
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Theorem 3.8. Any Hilbert lattice admits a strong set of states.

Proof. We need only to use pure states defined by unit vectors: If a and
b are closed subspaces of a Hilbert space ¥ such that a is not contained in
b, thereis a unit vector u of 7 belonging to a — b. If for each c in the lattice
of al closed subspaces of #, 6(3), we define m(c) as the square of the
norm of the projection of u onto c, then mis a state on # such that m(a) =
1 and m(b) < 1. This proves that 6(3¢) admits a strong set of states, and
this proof works in each of the three cases where the underlying field is the
field of real numbers, of complex numbers, or of quaternions.

We can formalize the proof as follows:

(Oa, b e L)(~a=b) O (Cm e M@ = 1& ~ mb) = 1))
O@abel)(dneY(Ma)=10mb=21)0a=<hb) =

So, any Hilbert space admits strong states and we need them to predict
outcomes of measurements. But there is more to it: states, when defined on
an ortholattice, impose very strong conditionson it. In particular, they impose
a class of orthomodular equations which hold in 6(3€) and do not hold in
al OMLs: Godowski’'s [25] and Mayet’s [26] equations. In the rest of this
section we first give some alternative formulations of Godowski’'s equations
and present a new class of |attices in which the equations fail. Then we show
that Mayet’s Examples 2—4, which were meant to illustrate a generalization
of Godowski’s equations, are nothing but special cases of the latter equations.

Definition 3.9. Let uscall thefollowing expression the Godowski identity:

a = and:ef (& —»18) N(a -1 a9
o ﬂ(an_l -1 an) N (an -1 al), n= 3, 4, 5, PR (35)

Wedefinea, = a, inthe same way with variables a; and a,,_; .1 Swapped;
in general & = a will be an expression with |j — i| + 1 = 3 variables a;,

, & first appearmg in thaI order. For compl eteness and Iater use (Theorem
322) wedefinea = a C (& ~ @) =landa = a.1 = (& —1 &41) N
(@811 »1 &) = & = a4, the last equality holding in any OML We aso
define a; = a,, etc., with the substitution of -, for -4 in al a,, €tc.

Theorem 3.10. Godowski’s eguations [25]

lll<
lll~

a, Az = ag a, (3 6)

lll<
lll~

= =au=a (3.7)



Infinite-Dimensional Hilbert Spaces 2349

aTa=a=a (3.8)

hold in al ortholattices (OLs) with strong sets of states. An OL to which
these equations are added is a variety smaller than OML.

We shall call these equations n-Go (3-Go, 4-Go, etc.). We aso denote
by nGO (3GO, 4GO, etc.) the OL variety determined by n-Go (which we
aso cal the nGO law).

Proof. The proof is similar to that in ref. 25. By Definition 3.1 we have
m(a; —1 &) = m(a) + m(a, N ap), etc., because a=@EmUuUay)), ie,
aj L (a N ay)inany ortholattice. Assumingm(a; = a,) = 1, wegetm(a; —;
) == mM@ay-1 »18) = M@, -1 &) =1 Hence, n = m(a; -1 a)

Mm@ »1a) Mm@, @) = Mm@, »ya0-) o+ M@ - ag)

m(@, -1 a,). Therefore, m(a, —1 @8,-1) = - = M@ -1 a) = M@, -,
an) 1. Thus, by Definition 3.2 for strong quantum states, we obtain
(@=a)=(@ -18) .. @Za)=(@-1a) ad (@& =a) =
(a1 >1 an), Wherefrom we get (al a) = (a, = a,). By symmetry, we get
(@ = @) = (& = &,). Thus (& = a,) = (8, = a&).

nGO is orthomodular because 3-Go fails in 06, and n-Go implies
(n—1)-Go in any OL (Lemma 3.17). It is a variety smaller than OML
because 3-Go fails in the Greechie lattice, from Fig. 2a =

The following lemma provides a result we will need.
Lemma 3.11. The following equation holds in all OMLs:
@=a) N@E-1=a)=(@-Na) U@ Nay, n=2
(3.9

Fig. 2. Greechie diagrams for (a) OML G3 and (b) OML G4.
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Proof. We use induction on n. The basis is simply the definition of =.
Suppose (y = @) - N (@ 2= a-1) = (@ - Na,-1) U (ag - N ap-q).
Multiplying both sidesby a,_1 = &, = (a1 1 a,) N (&, -2 a,-1), we have

(@ =2a)  N(@n1=a)
= [((ar - Na—y) U (ar -+ N ay-y))
N (@1 ~18)] N (@ ~280-1)
=@ Na) U@ Nar)l N (@ ~2a-1)
FH was used in the last two steps, whose details we leave to the reader. =

Theorem 3.12. An OL in which any of the following equations holds is
an nGO and vice versa:

aTa,=a=a (3.10)

aTa,=(a=a) N (a=a)
<+ N (81 = a,) (3.11)

aZa,=(a=a)N (=a)

N (A1 = &) (312

a=a,=a —ja, 1=1235 (313

a=a,=a - a8, i=1245 (314
(@m=Z=a)N(mUa-—-Ua)=aNa- - Na, (3.15)
@Za)N(@Uas-—~Ua)=anas— Na, (3.16)

Proof. Lattice O6 violates al of the above equations as well as n-Go.
Thus for the proof we can presuppose that any OL in which they hold is
an OML.

Equation (3.10) follows from definitions, replacing variables with their
orthocomplements in n-Go.

Assuming (3.11), weusea=b = (a -, b) N (b -, &) to abtain the
equivalentequationa, = a, = a; = a, N a, = &, 0a; = a, = a, = a,. By
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renaming variables, the other direction of the inequality also holds, establish-
ing n-Go. Conversely, n-Go immediately implies a, = a, = a =
a, N a, = a,. The proof for (3.12) is similar.

For (3.13) and (3.14), we demonstrate only (3.13), i = 3. From (3.13),
by rearranging factors on the left-hand-side we have a; La,<a, -3,
o =a,<(a -3a) N (& —1a) =a, = a, (from Table 1 in ref. 5),
etc.; in this way we build up (3.11). For the converse, (3.13) and (3.14)
obviously follow from (3.11) and (3.12).

For (3.15), using (3.9), we can write (3.11) as a; < a, = (@ - Nay
U (a1 --- N &)). Multiplying both sides by a;, --- U a, and using FH, we
obtain (3.15). Conversely, digoining both sides of (3.15) with a; --- N a;,
and using FH and (3.9), we obtain (3.11). The proof for (3.16) issimilar. =

Theorem 3.13. In any nGO, n = 3, 4, 5, ..., al of the following
relations hold:
ayZa,<a - & 0=i=<5 1=j=n 1=k=n (3.17)
algansaj_»iak, 0=i=5 1=j=n 1=k=n (3.18)
b d
Q=a, = =a (319

Proof. These obvioudly follow from (3.11) and (3.12) and (for i = 0)
thefactthata - nb=a -ob,0=m=5 n

Some of the equations of Theorem 3.13 (in addition to those mentioned
in Theorem 3.12) also imply the nGO laws. In Theorem 3.15 below we show
them for n = 3. First we prove the following preliminary results.

Lemma 3.14. The following equations hold in al OMLs:
@-2b)Nnb-c)=@Nb)ubnc (3.20)
(g -s5)N(@-sa) N(@g-sa) = (@m=a) N (a=a) (321)

Proof. For (3.20), (@ -2b)N (b 1) =((bU (@ NDb)) N (b U
bNne)=(u@E@nb)ynb)u(bu@nNb)Y)NbnNc)=(@ N
b") U (b N ).

For (3.21), we have

(&1 —»s5a) N (a2 »5a3) N (83 »s5 @)
=l[am=a)uU@na) N[ -1a) N (a2 -2 a)]
N[ »1a) N (a3 »2a)]

s((m=a)U@nNa)) N(@-2a3) N(@ -1a)
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=(a=a)U@na)) N((@nay)U(as N ay))
= ((a
U ((a1 N ay) N ((a2 N ag) U (az N &)))

a) N ((az N ag) U (as N ay)))

=(m=a)N(@nNag)U(@nay) Ul

Salzaz

In the third step, we used (3.20); in the fourth, a; = a,Ca; N a, and
a N aCla; Nag) U (agNay); in the fifth, ajNa,Ca;Naz; and
a; N a, Caz N a;. Rearranging the left-hand side, this proof also gives us
(@ -sa)N(@ -sa) N(ag »s ) = = agandthus = (a; = a)) N
(a; = ag). The other direction of the inequality follows froma = b= a
>sh. =

Theorem 3.15. When n = 3, an OML in which any of the following
holds is an nGO and vice versa:

aléansan—)ial, i:2131415 (322)
aZa, =a,-;a 1=1345 (323)
v d

Proof. We have aready proved the converses in Theorem 3.13.

From (322), we have ay == 3 = (a3 =i al) N (ag -1 al) = a3 -5
snce(a -;b) N (a -xb) =a -sbwhenj # kforj,k=1,...,5 By
rearranging the left-hand sidewe aso havea; £ a; < a; ~gs @& and < a, -5
a. Thusay = a3 = (81 »58) N (& »58) N (B »sa) =&y =a =
a, —»1 &, which is the 3GO law by (3.13). In the penultimate step we
used (3.21).

The proof for (3.23) is similar, and from (3.24) we obtain (3.22). =

Whether Theorem 3.15 holds for n > 3 is not known.

The equations obtained by substituting -, for one or more -, 'sin
Godowski’s equations aso hold in some nGO, athough to show such an
eguation with j variables may require the use of an n-Go equation with n > j.

Theorem 3.16. The following equation with i variables holds in some
nGO with n = i, where each - (1 =k =) is either -, or -, in any
combination:
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(@~ ) N (A —j8) N (@1 ), &)

N@E - a)=a=a (3.25)
Proof. Weillustrate the proof by showing that the three-variable equation

(@1 —28) N (8 18 N (83 ~180) = & = ag (3.26)
holds in any 4GO. The essential identities we use are
@-s@Ub)N({(aUb) -1 b)=a-,b (3.27)
@-,@Nb)Nn({(anb) -,b)=a-.b (3.28)
which hold in any OML. Starting with (3.17), we have
(@ -1b) N -1a)N (@ -18) N (a3 -1a)
=@ -1a) N@-1a) N -13) N (@ -1 )
=(a=a) N(az=a

=(@=a) N(a=ay)

where in the penultimate step we used (2.9) [or more generally (3.9)] and
in the last step (3.11). Substituting a; U a, for b and using (3.27), we obtain
(@ —28) N (@ ~18) N (a3 »1a) = & = &

Using (3.17) for the other direction of the inequality, we obtain (3.26). The
reader should be able to construct the general proof. m

A conseguence of (3.25) that holds in any 4GO is

(a-»lb)ﬂ(b —v2C)m(C —>1a)S(aEC) (329)
which, using (3.20) and weakening the leftmost factor, implies
@=bNn(nNnc)u@nc)=(a=c (3.30)

Equation (3.30) is aso a conseguence of (2.10), as can be seen if we write
(2.10) as follows:
@=bnNn{bNncgu®d®nc)u@ncu@nc))=(@a=c

Aswith (2.10), we were unable to prove that even the weaker looking (3.30)
holds in al OMLs. It is aso unknown if (3.30) even holds in all 3GOs.
Finally, we do not know if there is an n such that (2.10) holds in al nGOs.
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The relations obtained by substituting —; for -, in the Godowski
equations do not in general result in equivalents for i = 3, 4, 5, nor even
hold in an nGO. For example, for n = 3, the conditions (a; -z &) N (a; -3
&) N(@ -3za)=( -za)and(@ —23) N (@ -3 N (3 >4 )
= (a, -4 &) fail in lattice MO2 (Chinese lantern, Fig. 1b), and (a; -5 ay)
N(a -s5a3) N (a3 -5 &) = (& —5 &) holdsin al OMLs by (3.21).

Lemma 3.17. Any nGO isan (n — 1)GO, n = 4, 5,6, ....

Proof. Substitute a; for a, in equation n-Go. =

The converse of Lemma 3.17 does not hold. Indeed, the wagon wheel
OMLsGn,n= 3, 4,5, ..., arerelated to the n-Go equations in the sense
that Gn violates n-Go, but (for n = 4) not (n — 1)-Go. In Fig. 2 we show
examples G3 and G4; for larger n we construct Gn by adding more “ spokes’
in the obvious way (according to the general scheme described in ref. 25).

For any particular n there may exist lattices smaller than Gn for which
this property holds. These can be more efficient, computationally, for proving
that an equation derived in nGO is weaker than n-Go or independent of
(n — 1)-Go. Based on a computer scan of all (legless) OMLs with 3-atom
blocks (see footnote at the end of Section 2), up to and including a block
count of 12 along with selected lattices with block counts up to 17, we
obtained the following results. Lattice G3, with 34 nodes, is the smallest that
violates 3-Go. (In OMLs with 3-atom blocks, the number of nodes is twice
the number of atoms, plus 2.) The Peterson OML, with 32 nodes (vs. 44
nodesin G4), isthe smallest that violates 4-Go, but not 3-Go (Fig. 3). Lattice
Gb5s, with 42 nodes (vs. 54 nodes in G5), is the smallest that violates 5-Go,
but not 4-Go (also Fig. 3). Lattices G6sl and G6s2, each with 44 nodes (vs.
64 nodes in G6), are two of three smallest that violate 6-Go, but not 5-Go
(Fig. 4), Of these three, G6dl is one of two with 14 blocks, whereas G6s2
has 15 blocks. Lattices G79l and G7s2 (Fig. 5) are two of several smallest

Fig. 3. () Peterson OML. (b) Greechie diagram for OML Gb5s.
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Fig. 4. Greechie diagrams for (a) OML G6sl and (b) OML G6s2.

we obtained to violate 7-Go, but not 6-Go. They both have 50 nodes and 16
and 17 blocks, respectively (vs. 74 nodes and 21 blocks in G7). Actualy,
we used dynamic programming to obtain a program for checking on n-Go
which is so fast that no reasonable n is a problem. For example, to find G7dl
among 207,767 Greechie diagrams with 24 atoms and 16 blocks took an 800
MHz PC less than 2 hr.

The next lemma provides some technical results for subsequent use.
Notethata L b L cmeansa L bandb L c (but not necessarily a L c).

Lemma 3.18. In any OML we have
alblcO(@UbN@-,c)=buUc(3.3])
alblcOaub=c-,a (3.32)

alblc & (c-,aNd=a-,cl (@auUbjNnd=buUc (3.33)

Proof. For (3.31), (@Ub)N(a->c)=(@UbnN(cuU@ Nnc)).
From hypotheses, b commutes with a and ¢ U (&' N ¢’). Using FH twice,
@ubnNncu@nc)=bGnNncu@Nc)u@ncuU@nan

Fig. 5. Greechie diagrams for (a) OML G7sl and (b) OML G7s2.
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¢') = b U c. For (3.32), from hypotheses,aUb=auU (¢ Na)=c -,
a. For (3.33), from (3.32), (aU b) N d = (c -, a) N d = [from hypothesig]
a-sCcThusl@aub)Nd=(auUb)N(a-,c),whichby(3.31)is=buUc. =

The n-Go equations can be equivalently expressed as inferences involv-
ing 2n variables, as the following theorem shows. In this form they can be
useful for certain kinds of proofs, as we illustrate in Theorem 3.20.

Theorem 3.19. Any OML in which
alblalbl...a,Lb,La
O@mUb)N@ub)nN- - (@auUub)=b Ua (339
holds is an nGO and vice versa

Proof. Substituting ¢, for a;, ..., ¢, for a,; ct N ¢y for by, ...,
Ch-1 N ¢, for b,_1; and ¢ N ¢y for b,; we satisfy the hypotheses of (3.34)
and obtain (3.14).

Conversely, suppose the hypotheses of (3.34) hold. From the hypotheses
and (3.32), we obtain (a, U by) - N (a1 U by—y) N (&, U by) = (a3 —»»
a) N (@ »28-1) N (A »2ay). Thus (a2 -2 a) N [(@2 U by - N
@n-1Ub, ) N@Ub)l=(@ -,a) N[(ag »2a) - N (@ »2a8,-1)
N@E -za)] =@ -2a) N (@ -2a) N(@ 281 N (a3 2 ).
Applying (3.14) to the right-hand side, we obtain (a, -, a;) N [(a; U by)
- N@,1Ub,_)N(@a ub)] =a; -,a. Then(3.33) givesus(3.34). m

Mayet [26] presents a method for obtaining equations that hold in all
lattices with a strong or full set of states. However, it turns out that the
examples of those equations he shows are implied by the n-Go equations
and thus do not provide us with additional information about lattices with
strong states or “6(#) in particular. To the authors' knowledge, there is no
known example of such an equation that cannot be derived from the n-Go
equations. It apparently remains an open problem whether Mayet’s method
gives equations that hold in all OMLs with a strong set of states, but that
cannot be derived from eguations n-Go.

Theorem 3.20. The following conditions (derived as Examples 2—4 in
ref. 26) hold in 3GO, 6GO, and 4GO, respectively:

@-bpNnbm-00NCc-8=b-;a (3.35)
alblcidielfla
O@ubNdue N(((@ub) -, (dUeg’) -1((euf)
-1(bUCQ)) -1(cud))=bUcU (eUf) (3.36)
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alblcidielflglhla
O@uUbNcudNnEeuf)n(@uh
N({(@auh -, (due’)=0 (3.37)

Proof. For (3.35), this is the same as (3.13) for n = 3.
For (3.36), using (3.34), we express the 6GO law as

alblalblalbylalblaglbslaglhbglayy
O (a; U by) N (@ U by) N (ag U bg) N (ay U by) N (as U bs)
N(ag U bg) =bUa (3.38)

We definep=(@aub) -, (dUue’),q=((euUf) -, (bUC)), ad
r=(p -19" N (cuUd).In (3.38) we substitute a for a;, b for by, c for
a, (c U d)' for by, r foras, p° -1 qforbs, (p° -1 Q) fora, p’ N qfor
by, ' for as, q for bs, (e U f)’ for ag, and f for bg. With these substitutions,
al hypotheses of (3.38) are satisfied by the hypotheses of (3.36). The conclu-
sion becomes

@ubyN(cucud))nN(ruU(p -1d)
NP 19" U(Pnag)n@uagn(euf)uf)
=buUc (3.39)

We simplify (3.39) using ¢ U (c U d)’ = [since ¢ and d commute by
hypothesis] cu c)N(cud)=1N(cuUd)=[sncec=d]d;(eU
fYy Uf=¢ gmilaly; (p' -19) U(p'NQg) =p;andq Uq=1 This
gives us

@ubnNdnNnu(p -19)Np Ne =buc (3.40)

Now, in any OML wehavep’ = (aUb) -, (dUe =(@uUb)y U ((au
bpNdue)=@ubN@ueg =@UbNEUe N{p -19
U r). Thus the left-hand side of (3.40) absorbs p’, so

@ubNdnNnru(p -19)Ne =buc
=bUcuU(euf) (341

which after rearranging is exactly (3.36).
For (3.37), using (3.34), we obtain from the 4GO law

alblcidielflglhla
O@ubnNnEcudneuf)n(guh =@uUhN(DUe
Therefore,
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alblcidlielflglhla
O@ubNncudneuf)n@guh nN(@-h) -,(duUe’)
=@uhn@@uen(@auh) -, duUe)

Inany OML we have x Ny N (X -1 y') = 0; applying this to the right-
hand side, we obtain (3.37). =

To the authors' knowledge all 3-variable conditions published so far
that hold in all OMLswith astrong set of states are derivable in 3GO. Below
we show an equation with 3 variables that is derivable in 6GO, but is
independent of the 3GO law. It shows that it is possible to express with only
3 variables a property that holds only in nGOs smaller than 3GO.

Theorem. 3.21. The 3-variable condition
(@-2bN(@-20)N((a-2b) -1(a-20))
-1((0 -20) -1(b-2d))Y)
-1(C-2d)=b-;a (3.42)

holds in a 6GO, but cannot be derived (in an OML) from the 3GO law nor
vice versa

Proof. To show this equation holds in 6GO, we start with (3.41), which
occurs in the proof of Mayet's Example 3, rewriting it as

dlielflglhljLd
D@duegn@uh' Nn(due -1(@uUh))-i(huj)
S.(euUf)) s, (fug)=euUf (3.43)

We substitute b for d, a° N b’ for e, aforf,a’ N ¢’ for g, cfor h,and ¢’ N
b’ for j. With these substitutions, the hypotheses of (3.43) are satisfied. This
results in (3.42), showing that (3.42) holds in 6GO.

We show independence as follows. On the one hand, (3.42) failsin the
Peterson OML (Fig. 3a), but holdsin OML G3 (Fig. 2a). On the other hand,
the 3GO law (3.6) holds in the Peterson OML, but failsin G3. =

It is not known whether (3.42) holds in 4GO or 5GO.

Using our results so far, we can show that & = a = 1 is similar to a
relation of equivalence (although strictly speaking it is not one, since
a = a involves not 2, but |j — i| + 1 variables). Reflexivity a = a = 1
follows by definition, symmetry a = a =10 a =g =1 from the
Godowski equations, and transitivity a = = 1& g = a, = 1 0 g =
a, = 1 from the following theorem. Analogous results can be stated for

(it
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An open problem is whether there exists an equation corresponding to
aZa=1adaZa=1asin(23)and (44)-(4.6).

Theorem 3.22. The following holds in nGO, where i, j = 1 and n =
max (i, j, 3):

lIl=

@=a)N(a=a)=a=4a (3.44)

Proof. If = has 3 or more variables, we replace it with achained identity
per (3.11), otherwise we replace it with the extended definition we mention
after Definition 3.9. The proof is then obvious. (In many cases the equation

may aso hold for smaller n or even in OML or OL, e.g.,, whenj = 1) =m

The next lemma shows an interesting “variable-swapping” property of
the Godowski identity that we shall use in a later proof [of Theorem 6.6].

Lemma 3.23. In any OML we have

(mZza)nNa=aNa--Na, i=1...,n (345
In particular,
@Zza)na =(@=a)yna, i=1...,n j=1,...,n

(3.46)

Proof. We illustrate the casei = 1. In any OML we havea N (b -,
a=a Nb.Thus(a -1a) N (@2 »1a-1) N @-1 —>18) N (& -1
a)Nar= (a1 -18) " N@E2-18-1)N@-1-18) NayNa=
=g Na,-Na,1Na,Na. m

4. ORTHOARGUESIAN EQUATIONS

In this section we show that all orthoarguesian-based equalities (which
must hold in any Hilbert lattice) that have appeared in the literature as
equations with 4 and 6 variables can be reduced to just two equations with
3 and 4 variables. The latter two equations we call the 30A and 40A laws,
respectively, and introduce them by Definition 4.4. Their equivalence to the
afore mentioned 4- and 6-variable equations is shown in Theorems 4.8 and
4.9 and in Theorem 4.7, respectively. A new 3-variable consequence of the
40A law which is not equivalent to the 30A law is given by Theorem 4.11.
Possibly equivalent inference forms of the 30A law and the 40A law are
given by Theorems 4.2, 4.3, and 4.10.
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Definition 4.1. We have

aZ b€ (@-ic)Nb-ic) U@ -ic)n® - )
i=1,3 (4.1)

aZ b (c-aN(-ib)U(c-a)n( - b))
i=24 (4.2)

@S bU(@%ionb=o)
i=1...,4 (4.3
We call a £; b a 3-variable orthoarguesian identity and a C'Edi b a 4-variable
orthoarguesian identity and denote them as 3-oa and 4-0a, respectively.
Theorem 4.2. An ortholattice to which any of

£

asb=1-<a-;c=b ;¢ i=13 (4.4)

as=b=1<c-;a=c-;b =24 (4.5)
is added is a variety smaller than OML that fails in lattice L28 (Fig. 6d).

The corresponding expressions for i = 5 do not hold in a Hilbert lattice
(right to left implications fail in MO2).

Theorem 4.3. An ortholattice to which any of

agibzlua—qd:b—’idv i:l’3 (46)

is added is a variety smaller than OML that fails in lattice L36 (Fig. 6b) for
i=13

a

Fig. 6. Greechie diagrams for (a) OML L28 and (b) OML L36.
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The new identities =, and Cédl being equal to one, are relations of
equivalence. It is obvious that they are reflexive (a=;a =1, a cédl a=1)
and symmetric @<, b=10b=<;a=1a%,b=10 b a=1),
and the transitivity follows from Theorem 4.10 below. They are, however,
not relations of congruence becausea =, b=10 (aUd) =, (buUd) =
1 does not hold: it fails in the Chinese lantern MO2 (Fig. 1b). Conditions
(4.4)—(4.6) must hold in any Hilbert space (and therefore by any quantum
simulator) for i = 1 as we show below. Expressions corresponding to (4.6)
fori = 2, 4, 5 do not hold in a Hilbert lattice and it is an open problem
whether there exist equivalent relations of equivalence for i = 2, 4, 5. In
what follows we keeptoi = 1 (and not i = 3) becausei = 1 enables us to
switch to the Sasaki projection ¢,b = (a -1 b’)’ of b on a later. The Sasaki
projection plays an important role in the definition of the covering property,
which is a conseguence of the superposition principle [19].

Definition 44. Leta=bTaZ banda®b®a ¥ b,
A 30A isan OL inwhich the following additional condition is satisfied:
(@-0)N@a=h=b-;c (4.7)
A 40A is an OL in which the following additional condition is satisfied:

@-,dN@Lo)=b-,d (4.8)

Note that the 30A and 40A laws (4.7) and (4.8) have three and four
variables, respectively. Both 30A and 40A laws, fail in 06, so they are
OMLs, but there exist OMLSs that are neither 30As nor 40As:. conditions
(4.7) and (4.8) both fail in the orthomodular lattice L28 (Fig. 6a).

Theorem 4.5. Every 40A is a 30A, but there exist 30As that are
not 40As.

Proof. In (a -, d) N (acéd b) = (b -,d), set c = b. On the other
hand, lattice L36 (Fig. 6b) is a 30A because it is an OML in which (4.7)
holds, but it is not a 40A because it violates (4.8). m

The next lemma provides some technical results for use in subsequent
proofs.

Lemma 4.6. In any OML we have
(@a-bpNna=anhb (4.9)
@-ib)Nn@ -ib)=(@-;bhpNnb=@Nbyu@ Nb) (410
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@ -.by)=a =a-;b (4.11)

@-1b) s;b=a -;b (4.12)
(@-1b)" -1b=a-;b (4.13)
(@-ibu(@a-;b)=a-gb, i,j=0,...,4, i#] (4.19)
a=b0Ob=a-;b (4.15)
an(@-:c)Ubj=ce=b=a-;c (4.16)

Proof. For (4.9)—(4.15), we omit the easy proofs.

For (4.16), ifan (@ -1 ¢) Ub) =c, thenan (@ -, ¢) U b) =
anc=(a-;c)Nausng(49,sob=1N(@-.¢c)Ub)=(a-1.c)
UaN(a-1cU((a-ic)uUb)=(viaFH)(a -1c)U (@an (@ -1
gub)=@-i0U((@a-1c)nNa =a-;c Conversaly,ifb=a -,
¢, then, using (4.9),anN (@ -;c)Ub)=anNn(@-;c)=anNc=c =

In the next theorem we show that the 40A law (4.8) is equivalent to
the orthoarguesian law (4.17) discovered by Day [27, 28], which holds in
%(¥). Thus the 40A law also holds in 6(¥).

Theorem 4.7. An OML in which
alb&cld&elf
O@ubNcud) N(euf)
=bU@NcU((@ucgnbud)n(((@auen(buf))
U((cuen(duf))))) (4.17)

(wherea L b ©a< b’) holds is a 40A and vice versa.
Proof. We will work with the dual of (4.17),
a=b&c=d&e=f
ObNn@uUEN((ancgudnd)u((@ane u(bnf)
N ((cne U (dnf)))
=(@nNnbuEndyuEenf) (4.18)
First we show that the 40A law implies (4.18). In any OL we have
b=g-;k&d=h-;k&f=j 5,k
Obn@uGBhN(@nNnhudnd)uU(@nij)udni)
N ((hnj)udni))N))
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=@-1N@EuUBnN@nhuU@-1KNh-.Kk))
U@nHuU@-10Nn((-1k)N(hnj)
U(h 1K) Nj-1K))) (4.19)

Subgtitutinga’ -, kforg, ¢’ -, kforh,ande' -, kfor j, smplifying with
(4.12), and applying (4.11) to the left-hand side of the conclusion, we obtain

bSa—»lk&dSC—qk&fSe—qk
ObNn(@UEN(@noubnd)u@neubnf)
N ((cNe U (dnf)))

=@-10N(@ -1 U(E =10 N CcEa)) (4.20)

We cchvert the 40A law (¢’ -1 K) N (¢’ E m)=(m -,k to E(E’ -1 K)
Nec=Em=m > KtomM N (M -, KU(({c -1 KN(Cc=m))=
k using (4.16). We substitute (a — 1 k)’ for m and simplify with (4.12) and
(413) toobtain (a -1 k) N (@ -1k U ((c" -1k N (c ek a)) = k.
Combining with (4.20) yields

b=a-;k&d=c- k& f=e -k
Obn@UuCccN(@ancgubdnd)u(((ane u(bnf)

N({cnNneu@dni =k (4.21)
Lettingk = (@ N b) U (cN d) U (en f), we have

a=b0Ob=a-;k (4.22)

c=dOd=c -k (4.23)

e=fOf=e- Kk (4.29)

[e.g. for (4.22), using (4.15), we haveb=a -, b=a U (an (an h)
=a U (ank) =a -, K from which we obtain (4.18).

Conversely, assume (4.18) holds. Leta=g -1k b=¢g -1k c=
h-,kd=h -,ke=j -,k f=j" -,k The hypotheses of (4.18)
are satisfied using (4.11). Noticing [with the help of (4.10)] that the right-
hand side of the regﬂlting inequality is = k, we have (g’ -1 k) N ((gjk_>l k)
Uh-2KNh=g)=ksogn(g-1KU(h-.kn(h=0g)
= k. Applying (4.16), wehavethed4OAlaw (h -, KkN(h=g)=g -,k =

Thus we have demonstrated that the orthoarguesian law (4.17) can be
expressed by an equation with only four variables instead of six. Thisisin
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contrast to the stronger Arguesian law that has been shown by Haiman to
necessarily involve at least six variables [29].

The 30A law (4.7) expresses an orthoarguesian property that does not
hold in al OMLs, but as demonstrated by the fact that it holdsin OML L 36,
it is strictly weaker than the proper orthoarguesian law expressed by (4.8)
or (4.17). The 30A law is equivalent to the following three-variable equation
[27, Equation (111)] obtained by Godowski and Greechie and thus to the other
three-variable variants of that equation mentioned in ref. 27. Godowski and
Greechie were apparently the first to observe that (4.25) failsin OML L28
and also in OML L of Fig. 8a below.

Theorem 4.8. An OML in which

epalU a(a b, c) = gcalU a(a b, ) (4.25)

[where ¢ is the Sasaki projection and «(a, b, ¢) « (bU )N (epa U ¢ca)l
holds is a 30A and vice versa

Proof. Using the definitions, (4.25) can be written in the dual form
@-9n(@nbu(@a-.09nb-ic)=(>b-0)n((@nbu
(@ -1¢) N (b -4 ). We substitutea’ -, cforaand b’ -, cforb
throughout; simplifying with (4.12), we obtain (a ;) N (@=b) = (b -
c) N (a = b). Thisis easily shown to be equivalent to (4.7). =m

Equation (4.25) was derived by Godowski and Greechie from Eq. (4.26)
below, which is afour-variable substitution instance of (4.17). Godowski and
Greechie state that (4.25) is “more restrictive” than (4.26). While it is not
clear to us what is meant by this remark, it turns out that the two equations
are equivalent in an OML. This equivalence also means that the 40A law
cannot be derived from (4.26) [which can also be verified independently by
noticing that (4.26) does not fail in OML L36].

Theorem 4.9. An OML in which
alb&cld
O @uUbNcud)y=sbu@N(cU(aucndud)) (426
holds is a 30A and vice versa
Proof. The proof is analogous to that for Theorem 4.7. =

With the help of the following theorem, we show that the relation of
equivalence introduced in Theorems 4.2 and 4.3 is transitive.
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Theorem 4.10. (@) In any 30A we have

a=b=1<a-,c=bo,cC (4.27)
(b) In any 40A we have

agb:lwaﬁld:b—»]_d (428)

Proof. For (4.27), assuminga=b = 1, we have (a -, ¢) N (@a = b)
(@a-;c)nNl=(b -,c) by (47). Conversely, from (4.11), (a -, C)’
a s;cand(b -.¢) =b" -, ¢ and from the hypothesis, (a -, ) =
b-;0=1Lsl=(@-100N{b-10)U(@-.0" N(b-;c))
=(@-109Nb-10)U(@ -10 N0 -.0)=a=b. For (4.28),
the proof is similar, noticing that, for the converse, a th=aZh m

The inference rules (4.27) and (4.28) fail in lattices L28 and L 36,
respectively, suggesting the possibility that they imply (in an OML) the 30A
and 40A laws. However, we were unable to find a proof.

The transitive laws that are a consequence of (4.27) and (4.28),

A

aZfb=1&bZ2c=10aZc=1 (4.29)

a¥p=1&b¥c=10a%Lc=1 (4.30)

are weaker than the 30A and 40A laws since both hold in lattice L of Fig.
8a (which violates both laws). However, they have a weak orthoarguesian
property: both fail in lattice L38m* (Fig. 7a) and thus cannot be derived in
an OML.

The 30A law and its equivalents have been so far (to the authors
knowledge) the only published three-variable eguations derived from the
40A law that do not hold in all OMLs. Below we show another three-variable
consequence of the 40A law that is independent of the 30A law.

Theorem 4.11. In any OML, the three-variable condition

@-,dn@La)=a -, d (4.31)

holds in a 40A, but cannot be derived from the 30A law nor vice versa

4OML L38m is neither a 30A nor a3GO, and in addition violates all equations we have tested
that are known not to hold in all OMLSs. It has been useful as a counterexample for disproving
equations conjectured to hold in all OMLs. OML L42 is a 40A, a 50A (Section 5), and an
nGO (for n = 9, the upper limit we have tested) but violates all eguations we have tested
that are known to hold in neither 50A nor 9GO. It has been useful for disproving equations
conjectured to hold in at least one of these varieties.
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Fig. 7. Greechie diagrams for (a) OML L38m and (b) OML L42.

Proof. This condition is obviously a substitution instance of the 40A
law (4.8). On the one hand, it failsin lattice L36, but holds in lattice L (Fig.
8a). On the other hand, the 30A law (4.7) holds in lattice L36, but failsin
latticeL. m

An interesting OML is L38 (Fig. 8b), which violates the 40A law, but
does not violate any three-variable consequence of the 40A law known
to the authors. One possibility that came to mind was that perhaps L38
“characterizes” 40A in an essential way, in the sense that a failure in L38
of an equation derived in a 40A implies its equivalence to the 40A law
(analogous to the fact that a failure in O6 of an equation derived in an OML
implies its equivalence to the orthomodular law). This turns out not to be
the case—thereis a four-variable consequence of 40A that is strictly weaker
than 40A, but failsin L38. Whether there exists athree-variable consequence
of 40A that fails in L38 remains an open problem.

Fig. 8. Greechie diagrams for (&) L from ref. 27, Fig. |1, and (b) L38.
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Theorem 4.12. A failure of a 40A consequence in lattice L38 does not
imply its equivalence to the 40A law.

Proof. Writing the 40A law as (@' -, d) N (& « b)=b -,.d we
weaken the left-hand side of the inequality witha = (&' - ; d), etc. to obtain

an(@anbu((ancu@nN(c-,d))
N(bNcuU((b-,dnNnc)))=b -,d (4.32)
This condition fails in OML L38, but holdsin L28. =

L 38 has a peculiar history. We found it “by hand” before we had our
present program for generating Greechie diagrams [17]. Later we found
out that Beuttenmiller’s program [8, pp. 319-328] for generating Greechie
diagrams does not give L38 (and a number of other lattices). Looking for a
correct algorithm, we came across McKay's isomorph-free generation of
graphs. Applied to Greechie diagrams, it gave not only a correct algorithm
for their generation, but also enabled writing a program which is severa
orders of magnitude faster than Beuttenmdiller’s program transcribed into the
C language (originaly it was written in Algol).

5. GENERALIZED ORTHOARGUESIAN EQUATIONS THAT
HOLD IN %(%)

Using the 30A law as a starting point, we can construct an infinite
sequence of equations Ey, E,, . . . that are valid in all Hilbert lattices €().
The second member E, of this sequence is the 40A law and the remaining
members are equations with more variables that imply the 40A law.

Definition 5.1. We define an operation © onnvariables a,...,a(h=
3) follows":
(3 _ def .
y=p=ay=a= (g -13) N (@ »1a))
U (a1 »1a3) N (a2 -1 ag) (5.1)
(4 _ def _ 33 3 )] ®3)
y=p~ay = =@=x)U (@ =a)N (a=a)) (5.2)
5To obtain £ we substitute in each "=” subexpression only the two explicit variables, leaving

other variables the same. For example, (2, 2 as) in (5.3) means (a, £ a5) U (2, € a) N
(8 = a,)), which means (2 —189) N (8 ~189) U (85 ~139) N (& ~139) U (& 1
a) N(a »18) U (B2 ~189) N (a1 ~189))) N (((8s ~185) N (s ~189)) U (85 -1
a) N (a4 -1 &)))).
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©® @

def 4 O]
y==-@=U(m=a) N (a

= a)) (5.3)

afa%@“ayu@="an@="a) n=4 (59

Then we have the nOA laws

(W]
(a1 »1a3) N (g 2 a) =a —183 (5.9)

Each nOA law can be shown to be equivalent, in an OML, to equation
E,_, of Theorem 5.2 below by a proof analogous to that for Theorem 4.7.
Thus they al hold in €(#) and for n = 4 imply (in an OML) the 40A law.
Also, as we shall show, 50A is strictly smaller than 40A, providing us with
anew equational variety validin 6(7€) that apparently has not been previously
known. It remains an open problem whether in general nOA isstrictly smaller
than (n — 1)OA.

For the following theorem we will refer to the 30A and 40A laws in
their four- and six-variable forms (4.26) and (4.17). Starting with the 30A
law, we construct a sequence of conditions as follows.

Theorem 5.2. Let E;, E,, . . . be the sequence of conditions constructed
as follows. The first E; is the 30A law expressed as

aQ Lby&a Lb
O (8 Ubg) N(ag Uby) =byU (apN (a1
U ((@0 U &) N (bo U by)))) (5.6)
Given condition E,_,
QL bg&a Lb...a_11byy
0 (@ U by N (ag Uby) - N (an-1 U byy)
=bU@N@U(-(@ua)nbub)-))  (57)

we add new variables a, and b, to the hypotheses and |eft-hand side of the
conclusion. For each subexpression appearing in the right-hand side of the
conclusion that is of the form (& U &) N (b U by), i, ] < n, we replace it
with (& U &) N (b U b) N (& U a) N (b U by) U (g U a) N (b U
b,))) to result in condition E,:

aoJ_bo&alJ_bl&anJ_bn
0 (a U bg) N (az N by) - N (a, U by)
=bU(@N@UC(C-@&uUag N Ub))
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N (((& U a) N (b U by) U ((g U a) N (b Uby)) ) (58

Then E, is the 40A law, and E, (n = 3) is a condition that implies the 40A
law, holds in € (), and cannot be inferred from 40A.

Proof. It is obvious by definition that E, is the 40A law (4.17). It is
also obvious that E, (n = 3) implies E,_; and thus the 40A law: each
subexpression of E,,_, is greater than or equal to the subexpression of E, that
replaces it.

To show that E, holds in €(3), we closely follow the proof of the
orthoarguesian condition in ref. 28. We recall that in lattice €(%(), the meet
corresponds to set intersection and = to C. We replace the join with subspace
sum + throughout: the orthogonality hypotheses permit us to do this on the
left-hand side of the conclusion [8, Lemma 3, p. 67] and on the right-hand
sdeweusea + bCauUbh.

Suppose X is a vector belonging to the left-hand side of (5.7). Then
there exist vectors X, € ag, Yo € boy + - - X1 € @n-1, Yn_1 € b,_1 such that
X=X +Yo=" " =X-1+ Yp1. Hencex, = x =y — i for 0 =k | =
n — 1. In (5.7) we assume, for our induction hypothesis, that the components
of vector X = X + Yy, can be distributed over the leftmost terms on theright-
hand side of the conclusion as follows:

rChy+ (a0 N(a + ((a0 + a) N (bo + by n - n -

— _ + — _ — _

oo %o Eohoeronotdodol e
— X

X+ (Xg — X)) =
coooooooocE S8 ESS0oooooo
Yo T X = X

In particular if we eliminate the right-hand €ellipses we obtain a 6(#) proof
of the starting condition E;, which is the 30A law; this is the basis for
our induction.

Let usfirst extend (5.7) by adding variables a, and b, to the hypothesis
and left-hand side of the conclusion. The extended (5.7) so obtained obviously
continues to hold in € (). Suppose X is a vector belonging to the left-hand
side of this extended (5.7). Then there exist vectors X, € ag, Yo € by, - . .,
Xy € @, Yn € bysuchthat X = Xy + Yo = *= = X, + ¥, Hence x, — x =
yi — Y for 0 = k, | = n. On the right-hand side of the extended (5.7), for
any arbitrary subexpression of the form (g U a) N (b U by), wherei, j <
n, the vector components will be distributed (possibly with signs reversed)
asx —xeagtagadx —x = -y +Yy b+ b.If wereplace (a U
&) N (b U b) with (& U &) N (b Ub) N (& Uay N (b Uby) U
((& U a,) N (b U by))), components x and x; can be distributed as
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@+a) N (bi+b) N@E+a) N (b +b))+(G+a) N (b +hb)))
XTX T VT dgdgonhoohtoothdoo
(6 = %) + (=% + %) =% — X%
so that x; — X remains an element of the replacement subexpression. We
continue to replace all subexpressions of the form (& U a) N (b U by),
where i, ] < n, as above until they are exhausted, obtaining (5.8).
That E,, (n = 3) cannot be inferred from the 40A law follows from the

fact 5that the 40A law holds in L46-7 (Fig. 9), whereas (a; -1 ag) N
(a1 = ay) = ay -, agfailsinit. L46-9, Fig. 9, is the only other lattice with
this property among all Greechie 3-atoms-in-a-block lattices with 22 atoms
and 13 blocks. L46-7 and L46-9 are most probably the smallest Greechie 3-
atoms-in-a-block lattices with that property: we scanned some 80% of smaller
lattices and did not find any other. m

Theorem 5.3. In any nOA we have

(n)
y=p=leag s1@3=a -18 (5.9

This a'so means that a; o a, being equal to oneis arelation of equivalence.
Proof. The proof is analogous to the proof of Theorem 4.10. m

(n,)As with Theorem 4.10, there is an open problem whether (a; -, az) N
(a1 = &) = a, -1 az follows from (5.9). The fact that (5.9) fails in L46-7
and L46-9 for n = 5 indicates that it might.

6. DISTRIBUTIVE PROPERTIES THAT HOLD IN € ()

The distributive law does not hold in either orthomodular or Hilbert
lattices, as it would make them become Boolean algebras; indeed, the failure

Fig. 9. Greechie diagrams for (a) L46-7 and (b) L46-9.
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of this law is the essential difference between these lattices and Boolean
algebras. But by using the Godowski and orthoarguesian equationsthat extend
the orthomodular ones, we can aso extend the distributive properties of
OMLs such as those provided by FH. These can give us additional insight
into the nature of the distributive properties of Hilbert lattices as well as
provide us with additional methods for further study of these lattices. In this
section we show severa distributive properties that imply the Godowski and
orthoarguesian eguations they are derived from, meaning that they are the
strongest possible in their particular form.

Definition 6.1. Let us call the following expression a chained identity:
aZ=a,C@=a) - N@E. . =a) n=2234,... (61

Lemma 6.2. In any OML, the chained identity a, = a, commutes with
every term (polynomial) constructed from variables ay, . . ., a,.

Proof. In any OML, from (2.8) we have(@a=b)N((b=c)=(a=Dh)
N (a = ¢). Using this, we rewrite ay, = a, as (a; = @) - N (&, = a,). In
any OML we also have aCa = b. Repeatedly applying the commutation law
aCb & aCc [J aCb N ¢, we prove a;Ca; = a,. Similarly, forany 1 =i =
n we have a;Ca, = a,. Repeatedly applying the commutatlon Iaws aCc &
bCc O a U bCc and aCb [0 a’'Ch, we can build up tCa; = a, for any
expression t constructed from variables ay, . . ., a,.

As an exercise, the reader is invited to show an alternate proof using
(39). =

Theorem 6.3. In any OML in which the Godowski equation n-Go holds,
the Godowski identity a, = a, commutes with any term constructed from
variables ay, ..., a,.

Proof. Lemma 6.2 and (3.11). =

We can use this commutation relationship in conjunction with FH to
obtam immediately smple dlstnbutlve laws that hold for any nGO, such as
(@mZa)N(sUt) = (a=a)N9s U((a=a,)Nt),wheresandt are
any terms constructed from variables ay, . . ., a,. More general laws are also
possible, as Theorem 6.6 below shows.

Lemma 6.4. In any OML the following inferences hold:
aCd& bCd& bnNnd=c=dO0anbuc=(@nNb)u@nc) (6.2
aCd& bCd& bnNnd=c=dO bnNn@uc=(kbnau(dnc) (6.3
aCd&c=d=b"0Ocn@uUby=(cna)u(nNb (64
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Proof. For (6.2),an (buc)=an (b U (c N d)) = [using bCd,
cCdan((bucnNndud)=0bBucn@n(bud)) = [usng aCd,
bCd] (buc)nN((@anb)u (@and)) =[usingb U cCanb,an bCan
dbucgn@nhb)yu(@ucgn@nd)=@nNhu@ndn
(bU c))) = [usingdChb,dCc] (an b) U (@an ((dNb) U (dnN c)) = [since
dNb=bnNncadc=d @nNnbu@n({(bnNncuc)=(@nNhb)u
(anc).

For (6.3),bNn (auUc) = (b N (auUd) = [using bCd, aCd] (b N a)
UNd)=[usngbNnd=bnNc](bnNa) U (bN c). The other direction
of the inequality is obvious.

For (6.4),cN(@aub)y=cndn (auUb) = [using dCa, dCb] c N
(dnaudnb)y=cnNn({@dnNnaud=CcNnaud=(CcnNauU
(cNb). m

In passing, we note that (6.2)—(6.4) are examples of OML distributive
properties that cannot be obtained directly from FH because a does not
necessarily commute with either b or ¢ (lattice MO2 would violate these
conclusions). Also, the conclusion of (6.4) does not hold under the weaker
hypotheses of (6.2) since the inference would fail in OML L42 (Fig. 7b).
We aso mention that (6.2)—(6.4) all fail in lattice O6 and thus are equivalent
to the orthomodular law.

The next theorem shows examples of more genera distributive laws
equivalent to n-Go, where the variables a, b, and ¢ are not necessarily equal
to any other specific term and may be different from variables a,, .. ., a,.
The hypotheses of (6.6) and (6.7) can also be replaced by those of (6.8) to
obtain simpler, though somewhat less general laws.

Definition 6.5. Let us call thefollowing expression achained implication:

a s anE (@ 1a) N (@1 —-18) Nn=2234... (65

Theorem 6.6. Let t be any term constructed from variables a,, . . ., a,.
Then in any nGO (n = 3), we have the following distributive laws for any
variables a, b, ¢ not necessarily in thelist a,, .. ., a,

& bCt& bNt=c=t&bUc=a, -1
(@anb)u(@nc (6.6)

b

y=a,=a=a
Oan(uUc

a,&bCt& bNt=c=t&bUc=a, -1
bNnaudnec (6.7)

L

y=a,=a=a
ObnNn(@uUc

=g, <a<a - a,&Cc=t=b' &bUc=a, -8
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OcNn@uby=(cnau(cnhb) (6.8)

In particular, whentisa; N a, [for (6.6) and (6.7)] or &/, [for (6.8)], an OML
in which any one of these inferences holds is an nGO and vice versa.

Proof For (6.6), let s abbreviate an (a, -1 a1). By (3.11) we have
(G an) N(ay ~1a)=a = < a, = a = a,. Hence from the first hypothesis
a=a,=(@=a)N @ -1a)=an(@-1a)=(@ - a)N @ -1
a) = al a,sos=an(a, -1a) = a4 = a,and by Lemma 6.2, sCt.
Using (6.2), we obtain

y=a,=a=a - a,&bCt&bNt=c=t
OsNnpuUuc=(nNbU((sNc

SincebuUuc=a, - q,itfolowsthaasnN (buc)=an(buUc),snN
b=anbadsnNnc=anc

In a similar way we obtain (6.7) and (6.8) from (6.3) and (6.4),
respectively.

To obtain the nGO law from (6.6), we substitute a = a,fora a N a,
for t and ¢, and a;, for b. The hypotheﬁas of (6.6) are satisfied in any OML,
and the concluson becomes (al a) N (a, -1 &) = (( = a,) N
a) U ((a = ay) N (& N ay) = [using (3.46)] ((ay = ay) N ay) U ((&y =
a) N@Na)) =a U(ay N a,), whichis (3.13).

To obtain the nGO law from (6 7), we make the same substitutions as
above. The conclusion becomes a;, N ((al an) U@ Na) =@ N
(@ =a) U (@ Na Na)=an (=a) = [using (346) a; N
(s = a,) = aj. Therefore (a, N &) U (@) N ((ax = @) U (&, N &) =
(a1 N ay) U a; = a; - a, The left-hand side evaluatesas (a; Nay) U
(@ N (A = ay) U (8, N a))) = (@ N ay U ay) N (&< a)u(an
a)) = (@ Na)Ua)N(a=a)=a=a, establishing (3.13).

To obtain the nGO law from (6.8), we substitute a, = a, for a, a;, for
tand c, and a; N a, for b. After that the proof is the same as for (6.7). m

=1l

In a 30A or 40A we can aso derive distributive properties that are
stronger than those that hold in OML. In fact the laws we show in Theorems
6.8 and 6.9 below are strong enough to determine a 30A or 40A. First we
prove a technical lemma.

Lemma 6.7. In any OML we have
@-109Nn((@-10N(p-10) NE@ -1c)N({ -,¢)=0 (6.9)
@-1090N((@-10)N( -10) - (@ -10)N (b -10))
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Proof. For (6.9), by FH wehaved NencnN ((d -;¢)' U (e -1 0)")
=dnNnencnNn@d-;0))udnNnencn(e-;,¢c))=0U0=0.
From (4.9) wehaved NeN (d -1 ¢) = dN e N c. Combining these, we
havedNenNn (d -,¢)N((d -,¢) U (e -41c)) = 0. Substituting a8’ —
cfordand b’ - cfor eand simplifying with (4.12) gives the result.

For (6.10), i = 1. Expanding the definition of —; (i = 1) and applying
FH,wehave(a -, ) N (@ »10) N (b ~10)" - (@ 1) N (b -,
) =((a-:00Nn(@-10)N(b-10)U(@a-.c)n(@a-.cn
(b-i0) N(@ -10) N (b —~;c)=[using (6.9] ((a -1¢) N (b -,
gJuo=(b ;0.

For (6.10), i = 2: Expanding the definition of -, and applying FH, we
have (d -1 ¢) N (((d -1c) N (e -10C) -2(dNe)=(d-1c)NdN
U (d-1c0N(e-1c0N(dne)=1[using (49 dnNnenc u
(dsiognNEe-00N@dnNe)=E U(enNc)uU(e -,¢c)=e-;cC
Substitutinga’ —» cfordand b’ - cfor e and simplifying with (4.12) gives
theresult. m

Theorem 6.8. An OML in which

d=a-,;c&dnNnb-;0)=e&eUf=a=hb
OdnNneuf)=dneudnf) (6.12)
holds is a 30A and vice versa

Proof. Assume that (6.11) holds. Substitutea -, cford, (& -1 ¢) N
(b -10) -1(@ -1 N[O -,0)foreand(@-.0) N (b -,0)
so((@ -.c)N (b -4 0) for f. It is easy to see the hypotheses of (6.11)
are satisfied [use (4.14) to establish the third hypothesis]. Using (4.14), the
left-hand side of the conclusion evaluatesto (a —; ¢) N (a = b). The right-
hand sideis((a -1 ¢) N ((@ -10) N (b -1 0)" -1 (@ =10 N (D -,
) Ul@a-ic)n((@-16)N(b-10) -2(@ -10) N0 -10),
which by (6.10) is<(b -, ¢) U (b -1 ¢) = b - ¢, establishing the 30A
law (4.7).

Conversaly, we show the 30A law implies (6.11). In any OML we have
from the third hypothesisd N (e U f) = d N (a = b). From thefirst hypoth-
esis and the 30A law (4.7) weobtaind Na=b =d N (b -, c). From the
second hypothesiswe haved N (b -, c)=dnNe=(dNe U (dnNf).
ThusdN(euf)=dnNneu@dnf).SncedN(euf)=@Ne U
(d N f) holds in any ortholattice, we concluded N (e U f) = (d N e) U
dnNnf) m
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The proof of the 40A version of this theorem shows an application of
the 30A distributive law (6.11), where we use it to construct the inner terms
of the 40A equation.

Theorem 6.9. An OML in which

e<sa-,d&enpb-;d=f&fug=aZp
Oen(fug =(nf)u(enag) (6.12)
holds is a 40A and vice versa.

Proof. Assume that (6.12) holds. Since a dph<a¥ b, we aso have
that (6.11) holds. So by Theorem 6.8 we have

@-,d)N@in=b-,d (6.13)

By Theorem 6.8 we aso have (a -1 d) N (a% 0=cCc-.;d,s0(@-,d)
N (a% c)N(b = c)=(c-.d)N(b = ¢); applying Theorem 6.8 again
to the right-hand side, we obtain

@-,d)Nn@2)dNnb2c)=b-,d (6.14)

In (6.12) we substitute a -, d for e, a < b for f, and (a 4 c)N (b 4 c) for
0. It is easy to see the hypotheses of (6.12) are satisfied, and the conclusion
gives us

@-,d)n@Ln)

=(@@-1d)n@Lb)uU(@-1dNn@2enpL) (615

From (6.13)—(6.15) we conclude the 40A law (4.8).
For the converse, the proof that the 40A law implies (6.12) is essentially
identical to that for Theorem 6.8. =

7. CONCLUSION

Our investigation in the field of Hilbert lattices and therefore in the field
of Hilbert space and its subspaces in previous sections resulted in several
novel results and many decisive simplifications and unifications of the pre-
viously known results mostly due to our new agorithms for generation of
Greechie lattices and automated checking of Hilbert space equations and
|attice equations in general. So the results have their own merit in the theory
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of Hilbert space, quantum measurements, and the general lattice theory, but,
as we stressed in the Introduction, we were prompted to attack the problem
of generating Hilbert lattice equations and their possible connections with
the quantum states (probability measures) by recent developmentsin the field
of quantum computing. In particular, we are interested in the problem of
making a gquantum computer work as a quantum simulator. In order to enable
this, we were looking for away to feed a quantum computer with an algebra
underlying a Hilbert space description of quantum systems. Boolean algebra
underlies any classical theory or model computed on a classical computer
and it imposes conditions (equations) on classical bits {0,1} with the help
of classical logic gates. For quantum theory such an algebraisstill not known.
Quantum computation at its present stage manipulates quantum bits {|0),
|1)} by means of quantum logic gates (unitary operators) following algorithms
for computing particular problems. A general quantum algebra underlying
Hilbert space does exist, though. It is the Hilbert lattice we elaborated in
Section 3. However, its present axiomatic definition by means of universal
and existential quantifiers and infinite dimensionality does not allow us to
feed a quantum computer with it. What we would need is an equational
formulation of the Hilbert lattice. This would again contribute in turn to the
theory of Hilbert-space subspaces, whichis poorly developed. It issignificant
that there are two ways of reconstructing Hilbert space starting from an
ortholattice. One is a pure lattice one and is presented in Section 3. The other
is a pure state one [12]. The equationa approach unites them.

There were only two classes of such equations known hitherto:
Godowski’'s and Mayet’s equations determined by the states defined on a
lattice and four- and six-variable orthoarguesian equations determined by the
projective geometry defined on it. To these we add our newly discovered
(Theorem 5.2) generalized orthoarguesian equations with n variables. In order
tointerconnect and simplify the already known results on the former equations
and to obtain new results we analyze the interconnections between an orthol at-
tice and states defined on it and obtain the following results.

+ By Theorems 3.10 and 3.3 the difference between classical and quan-
tum statesisthat thereisasingle classical statefor all |attice elements,
while quantum states for different lattice elements are different.

+ By Theorem 3.3 a classical state defined on an ortholattice turns it
into the Boolean algebra.

+ By Theorem 3.10 a strong state defined on an ortholattice turns it
into avariety smaller than OML in which Godowski’s equations hold.

On the other hand, we have:

« By Theorem 3.6 there isaway of obtaining complex, infinite-dimen-
sional Hilbert space from the Hilbert lattice equipped with severa
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additional conditions and without invoking the notion of state at all.
States then follow by Gleason’s theorem.

As for Godowski's and Mayet’s equations, we obtain the following results:

Theorems 3.12, 3.13, 3.15, and 3.16 present several new results on
and simplifications of Godowski’s equations based on the operation
of identity given by Definition 2.4, which is also used to give a new
formulation of orthomodularity by Theorem 2.8.

New Greechie diagrams in which Godowski’s equations with up to
seven variables fail are presented in Figs. 3-5. They were obtained
by a new algorithm for generating Greechie diagrams and a new
algorithm for automated checking of passage of lattice equations
through them [17] (see footnote at the end of Section 2 and the
comment at the end of Section 4) and they are smaller by several atoms
and blocks than the previously known ones. This makes preliminary
checking of any conjecture related to Godowski’'s equations a lot
faster.

In Theorem 3.20 Mayet’s examples, which were apparently supposed
to differ from Godowski’s equations, are derived from Godowski’'s
eguations.

Asfor the orthoarguesian equations, their consequences, and generaliza-
tions, the clue for their unification was given by three- and four-variable
orthoarguesian identities (3-oa and 4-o0a, defined in Definition 4.1) which
enabled us to obtain the following results:

A four-variable Eq. (4.8), the 40A law, is equivalent to the origina
six-variable orthoarguesian equation as given by Day, as we showed
in Theorem 4.7.

All lower than six-variable consequences of the original orthoar-
guesian equation that one can find in the literature can be reduced
to the three-variable Eq. (4.7), the 30A law, as illustrated by Theo-
rems 4.8 and 4.9.

There is a three-variable consequence of the 40A law which is not
equivalent to the 30A law as proved in Theorem 4.11.

Thereis an n-variable generalization of the orthoarguesian equations,
the nOA law, which holdsin any Hilbert lattice, as proved in Theorem
5.2, and which cannot be derived from the 40A law, as proved in
Theorem 5.3.

The nOA law added to an ortholattice turns it into a variety smaller
than OML, as shown by Theorems 4.10, 4.2, and 4.3.
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« Each nOA determines arelation of equivalence, as proved by Theo-
rem 5.3.

In the end, different distributive properties that hold in the lattice of
closed subspaces of any Hilbert space are given in Section 6 and severa
intriguing open problems are formulated following Theorems 2.9, 3.15, 3.16,
3.21, 4.3, 4.10, 4.11, and 5.3, as well as preceding Theorems 3.20 and 3.22.
Open problems are also to attach a geometric interpretation to nOA and
rigorously to prove that infinite-dimensional Hilbert space containsan infinite
sequence of relations of equivalence. The latter claim would immediately
follow from condition 5 of Theorem 3.6 if we could prove that for no n can
the nOA law be inferred from the (n — 1)OA law starting with then = 5
case proved in Theorem 5.2 [28, p. 379].
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