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For a reliable implementation of quantum teleportation, a near-deterministic (close to 100%) discrimi-
nation of all four Bell states of entangled qubits is required. One can carry it out with linear optical
elements only if conditional dynamics are allowed. Here we present a setup in which we repeatedly
disentangle and reentangle photons in three of four states, so as to separate photons in one of them,
conditioned on keeping the other two at bay. The efficiency of a realistic implementation of our setup with
current technology is over 90% for an ideal source of photons on demand.
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Predicted future implementations of quantum computers
[1], quantum repeaters [2], and quantum error correction
[3] devices often rely on quantum teleportation and swap-
ping [4,5], [6], Sec. 8.2, and superdense coding [7]. They
are all based on the discrimination of the Bell states, i.e., a
linearly independent basis of a 4-dim Hilbert space of
entangled qubits ([6], Secs. 4.1.2, 8.2).

The qubits used for the above protocols are usually pho-
tons. Therefore, a method for discriminating Bell states that
is technologically the easiest to implement uses only linear
optical devices, such as beam splitters, wave plates, and
single photon detectors, and only one degree of freedom,
usually polarization. This is opposed to two or more degrees
of freedom the use of which is called hyperentanglement.

In 1999, Vaidman’s [8] and Liitkenhaus’ [9] groups put
forward a no-go proof which states that one can achieve
100% efficiency of discriminating Bell states, i.e., dis-
criminate all four of them, only “in a limit.”” If we exclude
a conditional dynamics, then only 50% efficiency is pos-
sible, i.e., only two Bell states can be unambiguously
discriminated [10]. By “‘conditional dynamics,” we mean
that we monitor one selected mode while keeping the other
modes in a waiting loop. Then we can perform some linear
operation on the remaining modes [9].

The no-go proofs allow nonlinear conditional setups,
nonlinear interactions, and hyperentanglements, though.
Therefore several proposals that include the evolution of
a subsystem conditioned on the state of another subsystem
have been put forward [11], and several experiments
with nonlinear interactions [12] and hyperentanglements
[13,14] have been carried out. Knill, Laflamme, and
Milburn have given a proof of principle that one can carry
out a near-deterministic protocol with linear optics, based
on conditional sign flips. These can be implemented by
means of nonlinear sign gates that make use of ancilla
photons [15]. They also exploit feedback from detectors.

Here we show that the above no-go proofs also allow
linear optical setups in which a near-deterministic
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separation of three Bell states from each other is carried
by means of their conditional separation. Our approach
does not make use of ancillas, does not require nonlinear
spin gates, and does not exploit feedback. It is therefore
not only simpler and feasible with the current technology,
but it also provides us with a new method of reentangling
photons and of separating the obtained entanglements.

In the standard all-optical implementation of teleporta-
tion, we want to transfer an unknown state

) = alH), + BIV), (D

of photon 1 to photon 3 from an independently produced
pair of photons {2, 3}. (H and V represent horizontal and
vertical polarizations of photon 1, respectively.) The pair
{2, 3} is in one of the four Bell states

),y = %umzmg - [V),H)y), N
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Let it be in a |¥'*),; state. Bob combines photons 1 and 2
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Then he determines which Bell state photons 1 and 2
were in and communicates his result to Alice via a classical
channel. She makes use of half-wave plates (HWPs) to
recover the unknown state |) [6,12].

Let us first sketch how Bob’s device works. Photons 1
and 2 reach a beam splitter (BS) from its opposite sides. If
in state |\P™), they will emerge from the opposite sides of
the BS (they split) and states can be identified just by the
reactions of detectors at those opposite sides. If in any of
the other three states, they will both emerge from the
same side of the BS (they bunch together). Then they are
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directed to concatenated Mach-Zehnder (MZ) interferome-
ters. From the first MZ, 3/4 of photons in state |¥*) will
split and 1/4 will bunch together. Photons in states |®~)
will exit as they entered—bunched together. At the next
MZs, 15/16 of the former photons will split again, at the
next ones 63/64, and so on. This ideally amounts to a
separation of 75%, 94%, 98%, etc. The latter photons will
stay bunched together after each stage and by letting them
through a HWP and a polarizing beam splitter (PBS), we
separate |® ") from |® ). The details are as follows.

At a BS input-output creation-operator relations have
the following form (see Fig. 1):

I;IFH = (&IH + &EH)/\/Z
bAIV = (&IV + &ZV)/\/Z

I;;FH = (&IH - &211)/\/2

. 4
b;rv = (‘ﬂv - &2v)/\/§‘ @

Creation operators generate the photon states when ap-
plied to the Fock vacuum state |0). For instance, |H),, =
at,10)is an input and |V),, = b1,|0) is an output state at a
BS. Here, as well as in the indices below, a(b) refers to
photons coming to (emerging from) BS,,. Index 1 (2),
here and below, refers to photons arriving at BS,, from
the right (left) side (see Fig. 1) and emerging from its left
(right) side.

When photons in Bell states arrive at BS,,, then
W )a12 = W)y, while [WF), 1, [PF),, emerge
from one side of BS,, and stick together; e.g., as
|\P+>b11’ |(I)7>b229 and |¢)+>b11 [1,6,16] That means that
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FIG. 1. Schematic of — 100% discrimination of all four Bell

states. In MZ; 3/4 of |¥*) pairs split; 1/4 emerge bunched
together from either side of BS,,. States |®*) bunch together.
States are sent for further separation to MZ,, k=2,...,m
(which are the same as MZ;) and then to 2" e r ports.

photons in state | ¥~ ),;, split and all the other three Bell
states bunch together.

Next, we shall follow the levels b, ¢, d shown in Fig. 1.
Photon pairs are sent to BS,. and then to BS,;, which
together with a HWP(0) form MZ,. Photons emerging
from MZ;s go to MZ,s, which are replicas of MZ;s.

To calculate what happens with |¥*) at BS,,., we use
Eq. (4). We form the inverse transformation to obtain the
outgoing states. The incoming state disentangles at BS,,.
[b(c) refers to photons before (after) BS,.]:

b Irvb}LH = (EIHE;rV + @IV@;rH + EIHEIV + E;rHE;rV)/Z' (&)

The HWP(0)s change the signs of any “V”’ terms that
pass through it (not all do, though), and the first two terms
in Eq. (5) yield % [W~)._ 2. The last two terms yield either

¢ THé-er - CAgHé;V = dIer;rV + dirvd;rH’ (6)
or
At At 4oaf Af AT AT _ At At
CipCiy 1 &ty = diydyy — dyydyy, (N
i.e., either
YY1, o MHaIV)a — IV)nlH)a),  (8)

depending on whether the photons pass through HWP(0) or
not, respectively. [Index c-12 (d-12) means that photons
split at BS,,. (BS,,;) and c1(c2) that they bunch together at
the left (right) exit of BS;..] The photons bunch together
and take the arm with HWP(0) with 50% probability. Thus
at the first level, k = 1, the former photons and half of the
latter photons split (to both ¢l and ¢2 arms). Taken to-
gether, the photons split with 75% probability and bunch
together with 25% probability.

The split photons emerge from BS,; in either the state
| W), 12/2 orin |¥*),_,/2 one. Which one of them the
photons will be in is irrelevant, since for our final mea-
surement it is only important that they emerge from the
opposite sides of BS,.;. The bunched photons arrive at BS;,
in MZ, and disentangle as in Eq. (5). Again, only 25% of
them reappear bunched together from MZ,. The probabil-
ity of detecting correlated clicks for photons emerging
from MZ, is therefore 93.75%, at k = 3 it is 98.44%, and
at k = m itis 100 - (1 — 272")%.

To calculate what happens with |®*) at BS,,., we again
make use of Eq. (4):

rtopt NI
biybiy = biybiy
_ ot oat 4 at At 41t A At At
= Ciyloy T Clylyy + 581ty T &1y y
(At at 4 at at
+3(8onlon = Eoylay). ©)

and obtain the states [which the HWP(0)s will not change]:

|HH) 12 £ [VV) 12 +312H) 11 £312V) 0y +32H) 20

F12V) 0 = DF) o pp HADF) g +3 D) pp  (10)
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in which photons either split (to the c¢1 and ¢2 arms; indices
c12 and c-12) or bunch together (to either c1 or ¢2; indices
cll, c22, c-11, ¢-22). [Cf. [6], Eq. (4.29).]

At BS,,, the terms in brackets in Eq. (9) transform to

Hdlydly = dlyaly) +(d]ydly = iy diy)
+ %(@H@H = ‘EV@V) o (‘ﬂ-HdA;H = ‘?Tv‘gv)- (11

The last two terms in each row cancel each other, and we
obtain the states (|®*),_y; + 5|P*),-2)/2, which have
the same functional form as |®*)._;; and |®*). ,, in
Eq. (10). This recombination of photons at a beam splitter
within an MZ interferometer is a Bell version of the NOON
state (N-particle path-entangled state |N, 0) + |0, N)). ([6],
Sec. 5.3, Eq. (5.44), P, = 0).

States |®*)._;, from (10) transform to (|®=), ,; —
1|®*=)4-2,)/2. The sign “—"" here is of no importance
since we will not recombine left and right outputs.

Thus the states |®*),_,; and |®*),_,, are the only
states in which photons, that originally were in states
|®*), 15, will appear. When we send the photons from
MZ, to MZ,; ;. they will always enter and exit MZs in the
same state. In effect, we keep them at bay with respect to
the |¥*) mode whose photons are being more and more
separated. In a real experiment this ‘‘keeping at bay’ is
counterfactual because we will never have two Bell states
in the system at the same time. However, in our calculation,
we conditionally take care of all modes simultaneously,
because all photons in whatever mode pass through the
same elements of the setup.

When the photons exit the last MZ,,, they are directed to
the device shown in Fig. 2, where they first pass through a
half-wave plate oriented at 22.5° [HWP()], which rotates
the polarization direction for 45° in the path of photons
emerging from BS (unnormalized).

pr(g)@v — () + [V)(H) + V)

= (H) = IV))(IH) = V)
= |HV) + |VH) = |¥+). (12)

Hence, photons in state |®7) split at the PBS behind the
plate. The HWP does not affect photons in state [O*).
Detectors with photon number resolution can recognize
the |®*) state in one step, and they should be used for
future applications. But their efficiency is currently under
90% [17,18], so, for the best testing of our results we
propose single photon detectors (arranged as in Fig. 2),
whose current efficiencies are >98% [19]. However, the
first postselection experiments can also be carried out with
today’s standard detectors (efficiency around 60%). They
would provide us with detection patterns that indicate
projections onto any of the four Bell states, and they can
be carried out with as few as five detectors. Of course, the
overall efficiency would then drop significantly, but for a
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FIG. 2. Concatenated polarization-preserving beam splitter de-
vice for splitting |®*) photons emerging from ports shown in
Fig. 1. (|®~) splits at PBS.) The figure above is made for port 3.
Devices for other ports are the same. The indicated left (L)
branch of the device is the same as the right one (R).

postselection verification, the overall efficiency is not
relevant. To see how this works, let us consider a detector
on the L (left) side in Fig. 1. Its “click™ together with a
click of the one on the R (right) side detect | ™). The latter
detector and a third one at another eg detect |¥*). The
third and a fourth one on the L and R sides of PBS in Fig. 2,
respectively, detect |® 7). Finally, the fourth and a fifth one
on the R side of PBS detect |®1).
In Fig. 2 photons enter BSs from one side only.

Mot 4t A st st 4oat st

Finfin T Fiviiy = 8in&on + &ivéay
+3(@ludly + 2lvely)
bl + ). )

So, 50% of photons emerge from the opposite sides of a
BS [20,21]. Photons go through n BSs as shown in Fig. 2.
The procedure requires 2" — 1 beam splitters and 2"
detectors or just 5 detectors in a postselection mode.
The probability of discriminating |®*) by detecting pho-
tons coming out from the nth row of BSs in coincidence is
1 — 27", For example, for n = 6 the probability is 98.4%.

Taken together, the coincidence clicks shown in Table I
correspond to a deterministic discrimination of all four
Bell states in the — 100% limit, i.e., for m, n — oo,

TABLE 1. Ideal discrimination of all four Bell states for n,
m — oo, For m = 3 and n = 6 the efficiency is 95.3%.

“clicks” traced from ports (see Fig. 1)

[P—) ef, AND ek
| e AND el
W) en AND ek

“clicks” (traced from either any e; or any eg)
of (see Fig. 2)

|D) Dy AND D
|D*) D} AND DY
|D*) D AND DY

Ljl=1....2"j*Lo,p,g=1....2" pFq
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A realistic experiment is feasible with the current tech-
nology. Path-length differences for MZs should be set to
zero, and frequencies of both photons should be as equal as
possible [22]. When one changes path-length difference of
an MZ [after subtraction of accidental detections (e.g., 1 or
3 “clicks”™)], the visibility of the fourth-order interference
fringes is ~1 [23], so an efficient concatenation of MZs
should be feasible if demanding. Wave packet calculation
can be made according to calculations carried out in ([6],
Chap. 5) and [24].

As for the losses in the system, they are minimal.
Metallic BSs can be gold-coated with losses as low as
1%. Alternately, we can utilize dielectric BSs (with the
losses of 0.1%; they were used, e.g., in [13]). Our equations
and Table I should then be recalculated by substituting
Egs. (42) and (4.3) from [6], Sec. (4.1), for Egs. (4).
Therefore we estimate that an efficiency of 98% per MZ
is achievable

We obtain the maximal number of MZs that we can
efficiently concatenate, and with it the maximal efficiency
of separating | ") photons that we can achieve, as follows.
For MZ,; we have 0.75 X 0.98 = 0.74, for MZ, 0.94 X
0.98% = 0.9, for MZ; 0.984 X 0.98° =~ 0.94, and for MZ,
0.996 X 0.98* =~ 0.92. Hence, with 98% efficiency for
each MZ, we reach the maximal overall efficiency of
94% with three MZs. Only with MZ efficiency — 100%
can we achieve | ') separation and Bell state discrimina-
tion — 100%. The 94% efficiency mentioned above is what
we should obtain in a postselection experiment even with
standard detectors. If we included the losses at detectors,
we would still obtain an overall realistic efficiency >90%
(with the best achievable detectors).

A source of event ready photons, i.e., photons on de-
mand is currently the least efficient element of the setup.
Four photon [25] and six photon down conversion schemes
for obtaining such a source have been proposed. The latter
scheme has recently been realized with an efficiency of up
to 77% but with the success probability of order 1076 [26].
So, substituting fiber couplers for beam splitters would be
an efficient option in spite of higher losses.

A comparison of a possible realistic realization of the
present proposal with the already obtained experimental
results can be made with respect to two main applications:
teleportation and superdense coding.

“The use of hyperentanglement of photons, unfortu-
nately, does not offer advantages for teleportation. . .having
only 50% probability of success” [27]. Nonlinear setups,
on the other hand, cannot offer efficiency over 50% [12]
with the current technology. Thus, our setup is apparently
by far the most efficient one for generating near-
deterministic teleportation.

Superdense coding—sending up to two bits of informa-
tion by manipulating just one qubit—recently achieved a
postselection channel capacity of 1.63 >log,3 = 1.585
[14]. In our setup, Alice’s postselection suffers from

|[*) — |®F) ambiguities: for m =3, 1.6% of |T*)
photons stay bunched together, and HWP(%) converts their
|W*) state into a |® ) one. So, at the PBS after the HWP,
both photons will either go through or be reflected and will
be indistinguishable from |®*). The efficiencies of detect-
ing the other two states, |¥~) and |®~), are 100%. Thus
we can unambiguously transfer 2 + 2 - 0.98 = 3.97 mes-
sages via one qubit, i.e., our channel capacity is log,3.97 =
1.99. Note that in a realistic postselection measurement
scheme, even n = 1 suffices in Fig. 2, and all clicks that
correspond to any losses of photons (one or none) at BSs
are discarded. Hence, the inefficiencies of devices that
generate photons on demand are also eliminated.

Taken together, we achieve an overall efficiency of
detecting pre- as well as postselected photons in Bell states
that convincingly beat all the previous schemes.
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